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M3 SOLUTION OF QUESTION PAPER 

(CBCGS MAY 19) 

Q.P. CODE: 58543 

 

𝑸. 𝟏. 𝒂) 𝑭𝒊𝒏𝒅 𝑳𝒂𝒑𝒍𝒂𝒄𝒆 𝒕𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎 𝒐𝒇 𝒇(𝒕) = 𝒕 ∫ 𝒆−𝟐𝒖
𝒕

𝟎

 𝐬𝐢𝐧 𝟒𝒖 𝒅𝒖.               (𝟓) 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∶ 𝐿 [sin 4𝑢 ] =  
4

𝑠2 + 42
 

∴ 𝐿 [𝑒−2𝑢  sin 4𝑢] =  
4

(𝑠 + 2)2 + 16
 

∴ 𝐿 [𝑒−2𝑢  sin 4𝑢] =
4

𝑠2 + 4𝑠 + 20
 

∴ 𝐿 [∫ 𝑒−2𝑢
𝑡

0

 sin 4𝑢 𝑑𝑢] =  
1

𝑠
.

4

𝑠2 + 4𝑠 + 20
 

∴ 𝐿 [∫ 𝑒−2𝑢
𝑡

0

 sin 4𝑢 𝑑𝑢] =  
4

𝑠3 + 4𝑠2 + 20
 

∴  𝐿 [𝑡 ∫ 𝑒−2𝑢
𝑡

0

 sin 4𝑢 𝑑𝑢] = (−1)1
𝑑

𝑑𝑠
(

4

𝑠3 + 4𝑠2 + 20𝑠
) 

=  −1 × 4 ×
−1

(𝑠3 + 4𝑠2 + 20𝑠)2
.

𝑑

𝑑𝑠
 (𝑠3 + 4𝑠2 + 20𝑠) 

=  
4

[𝑠(𝑠2 + 4𝑠 + 20)]2
. (3𝑠2 + 8𝑠 + 20) 

∴ 𝐿 [𝑡 ∫ 𝑒−2𝑢
𝑡

0

 sin 4𝑢 𝑑𝑢] =  
4(3𝑠2 + 8𝑠 + 20)

𝑠2(𝑠2 + 4𝑠 + 20)2
 

 

𝒃) 𝑺𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒕𝒉𝒆 𝒔𝒆𝒕 𝒐𝒇 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏𝒔 𝐬𝐢𝐧 𝒏𝒙, 𝒏 = 𝟏, 𝟐, 𝟑 … . 𝒊𝒔 𝒐𝒓𝒕𝒉𝒐𝒈𝒐𝒏𝒂𝒍  

𝒐𝒏 (𝟎, 𝟐𝝅).                                                                                                                                     (𝟓) 
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𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∶ 𝐿𝑒𝑡 𝑓𝑛(𝑥) =  sin 𝑛𝑥 

∴  𝑓𝑚(𝑥) =  sin 𝑚𝑥 

𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟,  

∫ 𝑓𝑛(𝑥)
𝑏

𝑎

𝑓𝑚(𝑥)𝑑𝑥 =  ∫ sin 𝑛𝑥 . sin 𝑚𝑥 𝑑𝑥
2𝜋

0

 

=  
1

2
∫ 2 sin 𝑛𝑥 . sin 𝑚𝑥 𝑑𝑥

2𝜋

0

 

∴  ∫ 𝑓𝑛(𝑥)
𝑏

𝑎

𝑓𝑚(𝑥)𝑑𝑥 =  
1

2
 ∫ [cos(𝑛𝑥 − 𝑚𝑥) − cos(𝑛𝑥 = 𝑚𝑥)]𝑑𝑥 → (1)

2𝜋

0

 

𝐶𝑎𝑠𝑒 1 ∶ 𝑚 ≠ 𝑛 

∴  ∫ 𝑓𝑛(𝑥)
𝑏

𝑎

𝑓𝑚(𝑥)𝑑𝑥 =  
1

2
[
sin(𝑛 − 𝑚)𝑥

𝑛 − 𝑚
−

sin(𝑛 + 𝑚)𝑥

𝑛 + 𝑚
]

0

2𝜋

 

=  
1

2
{[

sin(𝑛 − 𝑚)2𝜋

𝑛 − 𝑚
−

sin(𝑛 + 𝑚)2𝜋

𝑛 + 𝑚
] − [

sin 0

𝑛 − 𝑚
−

sin 0

𝑛 + 𝑚
]} 

=  
1

2
 {[0 − 0] − [0 − 0]} = 0 

𝐶𝑎𝑠𝑒 2 ∶ 𝑃𝑢𝑡 𝑚 = 𝑛 𝑖𝑛 (1) 

∫ [𝑓𝑛(𝑥)]2𝑑𝑥 =  
1

2

𝑏

𝑎

∫ [cos(𝑛𝑥 − 𝑛𝑥) − cos(𝑛𝑥 + 𝑛𝑥)]
2𝜋

0

𝑑𝑥 

=
1

2
∫ [1 − cos 2𝑛𝑥]

2𝜋

0

𝑑𝑥 

=
1

2
[𝑥 −

sin 2𝑛𝑥

2𝑛
]

0

2𝜋

 

=  
1

2
{[2𝜋 −

sin 4𝑛𝜋

2𝑛
] − [0 −

sin 0

2𝑛
]} 

=  
1

2
{[2𝜋 − 0] − [0 − 0]} = 𝜋 ≠ 0 
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𝐹𝑟𝑜𝑚 𝐶𝑎𝑠𝑒 1 𝑎𝑛𝑑 2, 

𝑇ℎ𝑒 𝑠𝑒𝑡 𝑜𝑓 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 {sin 𝑛𝑥} 𝑛 = 1,2,3, … 𝑖𝑠 𝑜𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙 𝑤. 𝑟. 𝑡. (0,2𝜋). 

∵  ∫ [𝑓𝑛(𝑥)]2𝑑𝑥 ≠ 1, 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑠𝑒𝑡 𝑜𝑓 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 𝑁𝑜𝑡 𝑂𝑟𝑡ℎ𝑜𝑔𝑜𝑛𝑎𝑙.
𝑏

𝑎

 

 

𝒄) 𝑪𝒂𝒍𝒄𝒖𝒍𝒂𝒕𝒆 𝑺𝒑𝒆𝒂𝒓𝒎𝒂𝒏′𝒔 𝒓𝒂𝒏𝒌 𝒄𝒐𝒓𝒓𝒆𝒍𝒂𝒕𝒊𝒐𝒏 𝒄𝒐𝒆𝒇𝒇𝒊𝒄𝒊𝒆𝒏𝒕 𝑹, 𝒇𝒓𝒐𝒎 𝒕𝒉𝒆  

𝒈𝒊𝒗𝒆𝒏 𝒅𝒂𝒕𝒂,  

𝑋:   12,     17,      22,      27,     32. 

𝑌:   113,   119,   117,   115,   121.   

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛:  

X Y R1 R2 d1=R1-R2 𝑑𝐼
2
 

12 113 5 5 0 0 

17 119 4 2 2 4 

22 117 3 3 0 0 

27 115 2 4 -2 4 

32 121 1 1 0 0 

    Total 8 

 

𝐻𝑒𝑟𝑒, 𝑛 = 5 

∴ 𝑆𝑝𝑒𝑎𝑟𝑚𝑎𝑛′𝑠 𝑟𝑎𝑛𝑘 𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝐶𝑜 − 𝑜𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 𝑅 = 1 −
6 ∑ 𝑑𝐼

2

𝑛(𝑛2 − 1)
 

= 1 −
6 × 8

5 × (52 − 1)
 

= 1 − 0.4 

= 0.6 

∴ 𝑆𝑝𝑒𝑎𝑟𝑚𝑎𝑛′𝑠 𝑟𝑎𝑛𝑘 𝑐𝑜𝑟𝑟𝑒𝑙𝑎𝑡𝑖𝑜𝑛 𝐶𝑜 − 𝑜𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡 = 0.6 
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𝒅) 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒄𝒐𝒏𝒔𝒕𝒂𝒏𝒕𝒔 𝒂, 𝒃, 𝒄, 𝒅, 𝒆 𝒊𝒇 

𝒇(𝒕) = 𝒂𝒙𝟑 + 𝒃𝒙𝒚𝟐 + 𝟑𝒙𝟐 + 𝒄𝒚𝟐 + 𝒙 + 𝒊(𝒅𝒙𝟐𝒚 − 𝟐𝒚𝟑 + 𝒆𝒙𝒚 + 𝒚) 

𝒊𝒔 𝒂𝒏𝒂𝒍𝒚𝒕𝒊𝒄.                                                                                                                   (𝟓) 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∶ 𝐿𝑒𝑡 𝑓(𝑧) =  𝑢 + 𝑖𝑣 

= (𝑎𝑥3 + 𝑏𝑥𝑦2 + 3𝑥2 + 𝑐𝑦2 + 𝑥) + 𝑖(𝑑𝑥2𝑦 − 2𝑦3 + 𝑒𝑥𝑦 + 𝑦) 

𝐶𝑜𝑚𝑝𝑎𝑟𝑖𝑛𝑔 𝑅𝑒𝑎𝑙 𝑎𝑛𝑑 𝐼𝑚𝑎𝑔𝑖𝑛𝑎𝑟𝑦 𝑝𝑎𝑟𝑡𝑠 𝑜𝑛 𝑏𝑜𝑡ℎ 𝑠𝑖𝑑𝑒𝑠, 𝑤𝑒 𝑔𝑒𝑡 

𝑢 = 𝑎𝑥3 + 𝑏𝑥𝑦2 + 3𝑥2 + 𝑐𝑦2 + 𝑥 𝑎𝑛𝑑 𝑣 =  𝑑𝑥2𝑦 − 2𝑦3 + 𝑒𝑥𝑦 + 𝑦 

𝑃𝑎𝑟𝑡𝑖𝑎𝑙𝑙𝑦 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑖𝑛𝑔 𝑤. 𝑟. 𝑡.′ 𝑥′ 𝑤𝑒 𝑔𝑒𝑡,  

𝑢𝑥 = 3𝑎𝑥2 + 𝑏𝑦2 + 6𝑥 + 0 + 1 𝑎𝑛𝑑 𝑣𝑥 = 2𝑑𝑥𝑦 − 0 + 𝑒𝑦 + 0 

𝑃𝑎𝑟𝑡𝑖𝑎𝑙𝑙𝑦 𝑑𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑡𝑖𝑛𝑔 𝑤. 𝑟. 𝑡.′ 𝑦′𝑤𝑒 𝑔𝑒𝑡, 

𝑢𝑦 = 0 + 2𝑏𝑥𝑦 + 0 + 2𝑐𝑦 + 0 𝑎𝑛𝑑  𝑣𝑦 = 𝑑𝑥2 + 6𝑦2 + 𝑒𝑥 + 1 

𝑆𝑖𝑛𝑐𝑒 𝑓(𝑧)𝑖𝑠 𝑎𝑛𝑎𝑙𝑦𝑡𝑖𝑐, 𝑏𝑦 𝐶𝑎𝑢𝑐ℎ𝑦 𝑅𝑒𝑖𝑚𝑎𝑛′𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠, 

𝑢𝑥 = 𝑣𝑦  𝑎𝑛𝑑  𝑢𝑦 =  −𝑣𝑥 

∴  3𝑎𝑥2 + 𝑏𝑦2 + 6𝑥 + 1 = 𝑑𝑥2 − 6𝑦2 + 𝑒𝑥 + 1 𝑎𝑛𝑑 

2𝑏𝑥𝑦 + 2𝑐𝑦 =  −(2𝑑𝑥𝑦 + 𝑒𝑦) 

𝐶𝑜𝑚𝑝𝑎𝑟𝑖𝑛𝑔 𝑐𝑜𝑒𝑓𝑓𝑖𝑐𝑖𝑒𝑛𝑡𝑠 𝑜𝑓 𝑥 𝑎𝑛𝑑 𝑦 𝑖𝑛 𝑙𝑖𝑘𝑒 𝑡𝑒𝑟𝑚𝑠, 𝑤𝑒 𝑔𝑒𝑡, 

3𝑎 = 𝑑 → (1) 

𝑏 =  −6 → (2) 

𝑒 = 6 → (3) 

2𝑏 = −2𝑑 

∴ 𝑑 =  −𝑏 

∴ 𝑑 = 6 → (4)(𝐹𝑟𝑜𝑚 2) 

∴ 𝐹𝑟𝑜𝑚 (1) & (4), 3𝑎 = 6 

∴ 𝑎 = 2 
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2𝑐 = −𝑒 

∴ 2𝑐 = −6  (𝐹𝑟𝑜𝑚 3) 

∴ 𝑐 =  −3 

∴ 𝑎 = 2, 𝑏 = −6, 𝑐 = −3, 𝑑 = 6, 𝑐 = 9 

 

𝟐. 𝒂) 𝑭𝒊𝒏𝒅 𝑳𝒂𝒑𝒍𝒂𝒄𝒆 𝒕𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎 𝒐𝒇 𝒕𝒉𝒆 𝒑𝒆𝒓𝒊𝒐𝒅𝒊𝒄 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏, 𝒅𝒆𝒇𝒊𝒏𝒆𝒅 𝒂𝒔 

𝒇(𝒕) = {
 𝒕,   𝟎 < 𝑡 < 1   
𝟎,   𝟏 < 𝑡 < 2

  𝒂𝒏𝒅 𝒇(𝒕 + 𝟐) = 𝒇(𝒕)𝒇𝒐𝒓 𝒕 > 0                                (𝟔)                               

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛: 𝑓(𝑡 + 2) = 𝑓(𝑡) 

∴ 𝐹𝑢𝑛𝑑𝑎𝑚𝑒𝑛𝑡𝑎𝑙 𝑝𝑒𝑟𝑖𝑜𝑑 (𝑎) = 2 

∴ 𝐵𝑦 𝑑𝑒𝑓𝑖𝑛𝑖𝑡𝑖𝑜𝑛 𝑜𝑓 𝐿𝑎𝑝𝑙𝑎𝑐𝑒 𝑡𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚 𝑓𝑜𝑟 𝑃𝑒𝑟𝑖𝑜𝑑𝑖𝑐 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛, 

𝐿[𝑓(𝑡)] =
1

1 − 𝑒−𝑎𝑠
∫ 𝑒−𝑠𝑡

𝑎

0

𝑓(𝑡)𝑑𝑡 

=  
1

1 − 𝑒−2𝑠
[∫ 𝑒−𝑠𝑡𝑡𝑑𝑡 + ∫ 0𝑑𝑡

2

1

1

0

] 

=  
1

1 − 𝑒−2𝑠
[𝑡.

𝑒−𝑠𝑡

−𝑠
− 1.

𝑒−𝑠𝑡

(−𝑠)2
]

0

1

 

=  
1

1 − 𝑒−2𝑠
 [𝑒−𝑠𝑡 (

𝑡

𝑠
+

1

𝑠2
)]

0

1

 

=  
1

1 − 𝑒−2𝑠
 [𝑒−𝑠 (

1

𝑠
+

1

𝑠2
) − 𝑒0 (0 +

1

𝑠2
)] 

=  
1

1 − 𝑒−2𝑠
[𝑒−𝑠 (

𝑠 + 1

𝑠2
) −

1

𝑠2
] 

=  
1

1 − 𝑒−2𝑠
×

1

𝑠2
[−𝑒−𝑠(𝑠 + 1) + 1] 

=  
1 − 𝑒−𝑠(𝑠 + 1)

𝑠2(1 − 𝑒−2𝑠)
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𝒃) 𝑰𝒇 𝒗 = 𝟑𝒙𝟐𝒚 + 𝟔𝒙𝒚 − 𝒚𝟑, 𝒔𝒉𝒐𝒘 𝒕𝒉𝒂𝒕 𝒗 𝒊𝒔 𝒉𝒂𝒓𝒎𝒐𝒏𝒊𝒄 𝒂𝒏𝒅 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆  

𝒄𝒐𝒓𝒓𝒆𝒔𝒑𝒐𝒏𝒅𝒊𝒏𝒈 𝒂𝒏𝒂𝒍𝒚𝒕𝒊𝒄 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇(𝒛)𝒖 + 𝒊𝒗.                                          (𝟔) 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∶ 

𝜕𝑣

𝜕𝑥
= 6𝑥𝑦 + 6𝑦,

𝜕2𝑣

𝜕𝑥2
= 6𝑦 

𝜕𝑣

𝜕𝑦
=  3𝑥2 + 6𝑥 − 3𝑦2 ,   

𝜕2𝑣

𝜕𝑦2
= −6𝑦 

∴  
𝜕2𝑣

𝜕𝑥2
+ 

𝜕2𝑣

𝜕𝑦2
= 6𝑦 − 6𝑦 = 0. 

∴ 𝑣 𝑖𝑠 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝐿𝑎𝑝𝑙𝑎𝑐𝑒′𝑠 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛. 

𝑁𝑜𝑤 𝑤𝑒 𝑢𝑠𝑒 𝑀𝑖𝑙𝑛𝑒 − 𝑇ℎ𝑜𝑚𝑝𝑠𝑜𝑛 𝑀𝑒𝑡ℎ𝑜𝑑. 

∴  𝑣𝑥 = 6𝑥𝑦 + 6𝑦, Ψ2(z, 0) = 0 

𝑣𝑦 = 3𝑥2 + 6𝑥 − 3𝑦2, Ψ1(z, 0) = 3z2 + 6z 

∴ 𝑓′(𝑧) =  Ψ1(z, 0) + iΨ2(z, 0) = (3z2 + 6z) + 0 

∴ 𝑓(𝑧) =  ∫(3z2 + 6z)dz = (𝑧3 + 3𝑧2) + 𝑐 

 

𝒄) 𝑶𝒃𝒕𝒂𝒊𝒏 𝑭𝒐𝒖𝒓𝒊𝒆𝒓 𝒔𝒆𝒓𝒊𝒆𝒔 𝒐𝒇 𝒇(𝒙) =  𝒙𝟐 𝒊𝒏 (𝟎, 𝟐𝝅). 𝑯𝒆𝒏𝒄𝒆, 𝒅𝒆𝒅𝒖𝒄𝒆 𝒕𝒉𝒂𝒕 

𝝅𝟐

𝟏𝟐
=

𝟏

𝟏𝟐
−

𝟏

𝟐𝟐
+

𝟏

𝟑𝟐
−

𝟏

𝟒𝟐
+ + ⋯                                                                          (𝟖) 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∶ 𝐿𝑒𝑡 𝑐 = 0 𝑎𝑛𝑑 𝑐 + 2𝑙 = 2𝜋 

∴ 0 + 2𝑙 = 2𝜋 

∴ 𝑙 = 𝜋 

𝑎0 =
1

𝑙
∫ 𝑓(𝑥)𝑑𝑥

𝑐+2𝑙

𝑐
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=  
1

𝜋
∫ 𝑥2𝑑𝑥

2𝜋

0

 

=  
1

𝜋
[
𝑥3

3
]

0

2𝜋

 

=  
1

𝜋
[
23𝜋3

3
− 0] 

𝑎0 =
8𝜋2

3
 

𝑎𝑛 =
1

𝑙
∫ 𝑓(𝑥) cos

𝑛𝜋𝑥

𝑙
𝑑𝑥

𝑐+2

𝑐

 

=
1

𝜋
∫ 𝑥2 cos

𝑛𝜋𝑥

𝜋

2𝜋

0

𝑑𝑥 

=
1

𝜋
[𝑥2.

sin 𝑛𝑥

𝑛
− 2𝑥.

− cos 𝑛𝑥

𝑛2
+ 2.

− sin 𝑛𝑥

𝑛3
]

0

2𝜋

 

=  
1

𝜋
[(4𝜋2

sin2 𝑛𝑥

𝑛
+

4𝜋 cos 2𝑛𝑥

𝑛2
−

2 sin 2𝑛𝑥

𝑛3
) − (0 − 0 +

2 sin 0

𝑛3
)] 

=  
1

𝜋
[0 +

4𝜋. 1

𝑛2
+ 0 − 0] 

∴  𝑎𝑛 =
4

𝑛2
 

𝑏𝑛 =
1

𝑙
∫ 𝑓(𝑥) sin

𝑛𝜋𝑥

𝑙
𝑑𝑥

𝑐+2𝑙

𝑐

 

=  
1

𝜋
∫ 𝑥2

2𝜋

0

sin
𝑛𝜋𝑥

𝜋
𝑑𝑥 

=  
1

𝜋
[𝑥2.

− cos 𝑛𝑥

𝑛
− 2𝑥.

− sin 𝑛𝑥

𝑛2
+ 2.

cos 𝑛𝑥

𝑛3
]

0

2𝜋

 

=  
1

𝜋
 [(−4𝜋2

cos 2𝑛𝑥

𝑛
+ 4𝜋

sin 2𝑛𝑥

𝑛2
+

2 cos 2𝑛𝜋

𝑛3
) − (0 − 0 +

2 cos 0

𝑛3
)] 
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=  
1

𝜋
[−4𝜋2.

1

𝑛
+ 0 +

2

𝑛3
−

2

𝑛3
] 

∴  𝑏𝑛 =
−4𝜋

𝑛
 

𝐼𝑛 𝐹𝑜𝑢𝑟𝑖𝑒𝑟 𝑠𝑒𝑟𝑖𝑒𝑠, 

𝑓(𝑥) =
𝑎0

2
+ ∑ 𝑎𝑛

∞

𝑛=1

cos
𝑛𝜋𝑥

𝑙
+ ∑ 𝑏𝑛

∞

𝑛=1

sin
𝑛𝜋𝑥

𝑙
 

∴  𝑥2 =
8𝜋2

3⁄

2
+ ∑

4

𝑛2

∞

𝑛=1

cos
𝑛𝜋𝑥

𝜋
+ ∑

−4𝜋

𝑛

∞

𝑛=1

sin
𝑛𝜋𝑥

𝑙
 

∴  𝑥2 =  
4𝜋2

3
+ 4 [

cos 1𝑥

12
+

cos 2𝑥

22
+

cos 3𝑥

32
+ ⋯ ] − 

                                          4𝜋 [
sin 1𝑥

1
+

sin 2𝑥

2
+

sin 3𝑥

3
+ ⋯ ] 

𝐷𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛: 𝑃𝑢𝑡 𝑥 = 𝜋 

∴  𝜋2 =
4𝜋2

3
+ 4 [

cos 1𝜋

12
+

cos 2𝜋

22
+

cos 3𝜋

32
+ ⋯ ] − 

                                          4𝜋 [
sin 1𝜋

1
+

sin 2𝜋

2
+

sin 3𝜋

3
+ ⋯ ] 

∴  𝜋2 −
4𝜋2

3
= 4 [

−1

12
+

1

22
−

1

32
+ ⋯ ] − 0 

∴  
−𝜋2

3
= −4 [

1

12
−

1

22
+

1

32
− ⋯ ] 

∴  
𝜋2

12
=

1

12
−

1

22
+

1

32
−

1

42
+ ⋯ 

 

𝟑. 𝒂) 𝑼𝒔𝒊𝒏𝒈 𝒄𝒐𝒏𝒗𝒐𝒍𝒖𝒕𝒊𝒐𝒏 𝒕𝒉𝒆𝒐𝒓𝒆𝒎, 𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒊𝒏𝒗𝒆𝒓𝒔𝒆 𝑳𝒂𝒑𝒍𝒂𝒄𝒆 𝒕𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎   

𝒐𝒇 𝑭(𝒔) =
𝟏

𝐬𝟐(𝐬 + 𝟓)𝟐
.                                                                                              (𝟔) 
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𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛: 𝐹(𝑠) =
1

s2(s + 5)2
=  

1

(s + 5)2
 ×  

1

s2
 

𝐿𝑒𝑡 𝜑1(𝑠) =
1

(s + 5)2
 ;     𝜑2(𝑠) =

1

s2
 

∴ 𝑓1(𝑡) = 𝐿−1 [
1

(s + 5)2
] =  𝑒−5𝑡𝐿−1 [

1

s2
] 

=  𝑒−5𝑡𝑡 (𝐹𝑖𝑟𝑠𝑡 𝑆ℎ𝑖𝑓𝑡𝑖𝑛𝑔 𝑃𝑟𝑜𝑝𝑒𝑟𝑡𝑦) 

𝑓2(𝑡) = 𝐿−1 [
1

s2
] = 𝑡 

𝐵𝑦 𝐶𝑜𝑛𝑣𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑇ℎ𝑒𝑜𝑟𝑒𝑚, 

𝐿−1[ 𝜑1(𝑠)𝜑2(𝑠)] =  ∫ 𝑓1(𝑢)
𝑡

0

𝑓2(𝑡 − 𝑢)𝑑𝑢 

∴  𝐿−1 [
1

(s + 5)2
×

1

s2
] =  ∫ 𝑒−5𝑡𝑢 × (𝑡 − 𝑢)𝑑𝑢

𝑡

0

 

=  ∫ (𝑢𝑡 − 𝑢2)𝑒−5𝑡𝑑𝑢
𝑡

0

 

=  [(𝑢𝑡 − 𝑢2)
𝑒−5𝑡

−5
− (𝑡 − 2𝑢) ×

𝑒−5𝑢

(−5)2
+ (−2) ×

𝑒−5𝑢

(−5)3
]

0

𝑡

 

=  [−(𝑢𝑡 − 𝑢2)
𝑒−5𝑢

5
− (𝑡 − 2𝑢)

𝑒−5𝑢

52
+ 2 ×

𝑒−5𝑢

53
]

0

𝑡

 

=  {
𝑒−5𝑢

53
[−25(𝑢𝑡 − 𝑢2) − 5(𝑡 − 2𝑢) + 2]}

0

𝑡

 

=  
𝑒−5𝑢

125
[−25(𝑡2 − 𝑡2) − 5(𝑡 − 2𝑡) + 2] − 

                                                              
𝑒−5𝑢

125
[−25(0 − 0) − 5(𝑡 − 0) + 2] 

=  
𝑒−5𝑢

125
[−0 + 5𝑡 + 2] −

1

125
 [−0 + 5𝑡 + 2] 
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=  
1

125
[𝑒−5𝑡(5𝑡 + 2) + 5𝑡 − 2] 

∴  𝐿−1  [
1

s2(s + 5)2
] =

1

125
[𝑒−5𝑡(5𝑡 + 2) + 5𝑡 − 2] 

 

𝒃) 𝑺𝒐𝒍𝒗𝒆 
𝝏𝟐𝒖

𝝏𝒙𝟐
− 𝟏𝟔

𝝏𝒖

𝝏𝒕
= 𝟎, 𝒔𝒖𝒃𝒋𝒆𝒄𝒕 𝒕𝒐 𝒕𝒉𝒆 𝒄𝒐𝒏𝒅𝒊𝒕𝒊𝒐𝒏𝒔, 𝒖(𝟎, 𝒕) = 𝟎, 

𝒖(𝟏, 𝒕) = 𝟑𝒕, 𝒖(𝒙, 𝟎) = 𝟎, 𝟎 ≤ 𝒙 ≤ 𝟏, 𝒕𝒂𝒌𝒊𝒏𝒈 𝒉 = 𝟎. 𝟐𝟓 𝒖𝒑 𝒕𝒐 𝟑 𝒔𝒆𝒄𝒐𝒏𝒅𝒔 

𝒐𝒏𝒍𝒚 𝒃𝒚 𝒖𝒔𝒊𝒏𝒈 𝑩𝒆𝒏𝒅𝒆𝒓 − 𝑺𝒄𝒉𝒎𝒊𝒅𝒕 𝒎𝒆𝒕𝒉𝒐𝒅.                                                (𝟔) 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∶ 𝑊𝑒 𝑎𝑟𝑒 𝑔𝑖𝑣𝑒𝑛 ℎ = 0.25 𝑎𝑛𝑑 𝑎 = 16 

𝑘 =
𝑎

2
ℎ2, 𝑘 =

16

2
(0.25)2 = 0.5 

𝑆𝑖𝑛𝑐𝑒 ℎ = 0.25 𝑎𝑛𝑑 𝑡ℎ𝑒 𝑥 𝑖𝑠 0 𝑡𝑜 1. 

𝑊𝑒 𝑑𝑖𝑣𝑖𝑑𝑒 𝑥 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑖𝑛𝑡𝑜 5 𝑝𝑎𝑟𝑡𝑠. 

𝑥 = 0, 0.25, 0.50, 0.75, 1. 

𝑊𝑒 𝑎𝑙𝑠𝑜 𝑑𝑖𝑣𝑖𝑑𝑒 𝑡ℎ𝑒 𝑡𝑖𝑚𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑏𝑦 𝑡𝑎𝑘𝑖𝑛𝑔 𝑘 = 0.5 𝑢𝑝𝑡𝑜 3. 

𝑡0 = 0, 𝑡1 = 0.5, 𝑡2 = 1, 𝑡3 = 1.5, 𝑡4 = 2, 𝑡5 = 2.5, 𝑡6 = 3. 

𝐵𝑦 𝑑𝑎𝑡𝑎, 𝑢(0, 𝑡) = 0 

𝐻𝑒𝑛𝑐𝑒, 𝑥 = 0 𝑎𝑛𝑑 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑡 = 0, 0.5, 1, 1.5, 2, 2.5, 3. 

∴  𝑢(0, 𝑡) = 0 

𝐵𝑦 𝑑𝑎𝑡𝑎, 𝑢(1, 𝑡) = 3𝑡 

𝐻𝑒𝑛𝑐𝑒, 𝑤𝑒 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑥 = 1 𝑎𝑛𝑑 𝑡 = 0, 0.5, 1, 1.5, 2, 2.5, 3. 

𝑤ℎ𝑒𝑛 𝑥 = 1 𝑎𝑛𝑑 𝑡 = 0     𝑢 = 0             {𝑢(1,0) = 3 × 0 = 0} 

𝑤ℎ𝑒𝑛 𝑥 = 1 𝑎𝑛𝑑 𝑡 = 0.5     𝑢 = 1.5 

𝑤ℎ𝑒𝑛 𝑥 = 1 𝑎𝑛𝑑 𝑡 = 1     𝑢 = 3 

𝑤ℎ𝑒𝑛 𝑥 = 1 𝑎𝑛𝑑 𝑡 = 1.5     𝑢 = 4.5 
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𝑤ℎ𝑒𝑛 𝑥 = 1 𝑎𝑛𝑑 𝑡 = 2     𝑢 = 6 

𝑤ℎ𝑒𝑛 𝑥 = 1 𝑎𝑛𝑑 𝑡 = 2.5     𝑢 = 7.5 

𝑤ℎ𝑒𝑛 𝑥 = 1 𝑎𝑛𝑑 𝑡 = 3     𝑢 = 9 

𝐵𝑦 𝑑𝑎𝑡𝑎, 𝑢(𝑥, 0) = 0 

𝐻𝑒𝑛𝑐𝑒, 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥 = 0, 0.25, 0.50, 0.75, 1 𝑎𝑛𝑑 𝑡 = 0 

∴  𝑢(𝑥, 0) = 0 

𝑇ℎ𝑢𝑠 𝑤𝑒 𝑔𝑒𝑡 𝑡ℎ𝑒 𝑓𝑜𝑙𝑙𝑜𝑤𝑖𝑛𝑔 𝑝𝑎𝑟𝑡 𝑜𝑓 𝑡ℎ𝑒 𝑡𝑎𝑏𝑙𝑒. 

t          x 0 0.25 0.50 0.75 1 

0 0 0 0 0 0 

0.5 0    1.5 

1 0    3 

1.5 0    4.5 

2 0    6 

2.5 0    7.5 

3 0    9 

 

𝑵𝒐𝒘, 𝒘𝒆 𝒖𝒔𝒆 𝑩𝒆𝒏𝒅𝒆𝒓 𝑺𝒄𝒉𝒎𝒊𝒅𝒕 𝒇𝒐𝒓𝒎𝒖𝒍𝒂 𝒄 =
𝒂 + 𝒃

𝟐
 𝒂𝒏𝒅 𝒄𝒐𝒎𝒑𝒍𝒆𝒕𝒆 

𝒕𝒉𝒆 𝒕𝒂𝒃𝒍𝒆 𝒂𝒔 𝒈𝒊𝒗𝒆𝒏 𝒃𝒆𝒍𝒐𝒘. 

t          x 0 0.25 0.50 0.75 1 

0 0 0 0 0 0 

0.5 0 0 0 0 1.5 

1 0 0 0 0.75 3 

1.5 0 0 0.375 1.5 4.5 

2 0 0.1875 0.75 2.4375 6 

2.5 0 0.375 1.3125 3.375 7.5 

3 0 0.65265 1.875 4.40625 9 
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𝒄) 𝑼𝒔𝒊𝒏𝒈 𝑹𝒆𝒔𝒊𝒅𝒖𝒆 𝒕𝒉𝒆𝒐𝒓𝒆𝒎, 𝒆𝒗𝒂𝒍𝒖𝒂𝒕𝒆,                                                           (𝟖) 

1) ∫
𝑑𝜃

17 − 8 cos 𝜃

2𝜋

0

               

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∶ 𝐿𝑒𝑡 𝑧 = 𝑒𝑖𝜃  , 𝑑𝜃 =
𝑑𝑧

𝑖𝑧
  , cos 𝜃 =

𝑧2 + 1

2𝑧
 

∴ 𝐼 = ∫

𝑑𝑧
𝑖𝑧

17 − 8 (
𝑧2 + 1

2𝑧 )
 

𝑐

 

=  ∫
1

17 − 8 (
𝑧2 + 1

2𝑧 )
.
𝑑𝑧

𝑖𝑧𝑐

 

=  ∫
1

17𝑧 − 4𝑧2 − 4
𝑧

𝑐

.
𝑑𝑧

𝑖𝑧
 

=  ∫
1

(−4𝑧2 + 17𝑧 − 4)𝑖𝑐

. 𝑑𝑧 

=  ∫
1

−𝑖(4𝑧2 − 17𝑧 + 4)𝑐

. 𝑑𝑧 

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑝𝑜𝑙𝑒𝑠 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡, 

4𝑧2 − 17𝑧 + 4 = 0 

4𝑧2 − 16𝑧 − 𝑧 + 4 = 0 

4𝑧(𝑧 − 4) − 1(𝑧 − 4) = 0 

(𝑧 − 4)(4𝑧 − 1) = 0 

𝑧 − 4 = 0, 4𝑧 − 1 = 0 

𝑧 = 4, 4𝑧 = 1 

𝑧 = 4, 𝑧 =
1

4
. 
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𝑆𝑖𝑛𝑐𝑒 𝑐 𝑖𝑠 𝑢𝑛𝑖𝑡 𝑐𝑖𝑟𝑐𝑙𝑒 |𝑧| = 1 𝑎𝑛𝑑 𝑝𝑜𝑙𝑒 𝑧 = 4 𝑖𝑠 𝑜𝑢𝑡𝑠𝑖𝑑𝑒 𝑎𝑛𝑑 𝑧 =
1

4
 𝑖𝑠 𝑖𝑛𝑠𝑖𝑑𝑒 

𝑤𝑒 ℎ𝑎𝑣𝑒,   

𝑅𝑒𝑠𝑖𝑑𝑢𝑒 𝑎𝑡 𝑠𝑖𝑚𝑝𝑙𝑒 𝑝𝑜𝑙𝑒 𝑧 = 𝑧0 =
1

4
. 

𝑅𝑒𝑠𝑖𝑑𝑢𝑒 𝑜𝑓 𝑓(𝑧)𝑎𝑡 𝑧 = 𝑧0 = lim
𝑧→𝑧0

(𝑧 − 𝑧 0)𝑓(𝑧) 

=  lim
𝑧→

1
4

(𝑧 −
1

4
)

1

−1(4𝑧2 − 17𝑧 + 4)
 

=  
1

−𝑖
 lim
𝑧→

1
4

(
4𝑧 − 1

4
)

1

(𝑧 − 4)(4𝑧 − 1)
 

=  
1

−4𝑖
 lim
𝑧→

1
4

1

(𝑧 − 4)
 

=  
1

−4𝑖
.

1

(
1
4

− 4)
 

=  
1

−4𝑖
.

1

−15
4

 

=  
1

15𝑖
. 

𝐵𝑦 𝑅𝑒𝑠𝑖𝑑𝑢𝑒 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 

∫ 𝑓(𝑧)𝑑𝑧 = 2𝜋𝑖(𝑠𝑢𝑚 𝑜𝑓 𝑅𝑒𝑠𝑖𝑑𝑢𝑒)
𝑐

 

= 2𝜋𝑖 (
1

15𝑖
) = ∫ 𝑓(𝑧)𝑑𝑧 =

𝑐

 
2𝜋

15
 

∴ ∫
𝑑𝜃

17 − 8 cos 𝜃

2𝜋

0

=   
2𝜋

15
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2) ∫
𝑑𝑥

(𝑥2 + 1)2

∞

0

 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∶  𝐿𝑒𝑡 𝐼 = ∫
𝑑𝑥

(𝑥2 + 1)2

∞

0

 

=  
1

2
∫

𝑑𝑥

(𝑥2 + 1)2

∞

−∞

 

𝐼 =  
1

2
∫

𝑑𝑧

(𝑧2 + 1)2

∞

−∞

 

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑝𝑜𝑙𝑒𝑠 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡 

(𝑧2 + 1)2 = 0 

𝑧2 + 1 = 0, 𝑧2 + 1 = 0 

𝑧2 − 𝑖2 = 0, 𝑧2 − 𝑖2 = 0 

(𝑧 − 𝑖)(𝑧 + 𝑖) = 0, (𝑧 − 𝑖)(𝑧 + 𝑖) = 0 

𝑧 = 𝑖, 𝑧 = −𝑖 , 𝑧 = 𝑖, 𝑧 = −𝑖 

𝑅𝑒𝑠𝑖𝑑𝑢𝑒 𝑎𝑡 𝑝𝑜𝑙𝑒  𝑧0 = 𝑖 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 𝑡𝑤𝑜 (𝑛 = 2). 

𝑅𝑒𝑠𝑖𝑑𝑢𝑒 𝑓(𝑧) 𝑜𝑓 𝑧 = 𝑧0 =
1

(𝑛 − 1)𝑖
lim

𝑧→𝑧0

𝑑𝑛−1

𝑑𝑧𝑛−1
 (𝑧 − 𝑧0)𝑛. 𝑓(𝑧) 

=  
1

(2 − 1)𝑖
lim
𝑧→𝑖

𝑑2−1

𝑑𝑧2−1
 (𝑧 − 𝑖)2.

1

2
.

1

(𝑧2 + 1)2
 

=  
1

1𝑖
lim
𝑧→𝑖

𝑑

𝑑𝑧
 (𝑧 − 𝑖)2.

1

2
.

1

(𝑧2 − 𝑖)2
 

=  
1

2 
lim
𝑧→𝑖

𝑑

𝑑𝑧
 (𝑧 − 𝑖)2.

1

[(𝑧 − 𝑖)(𝑧 + 𝑖)]2
 

=  
1

2 
lim
𝑧→𝑖

𝑑

𝑑𝑧
 (𝑧 − 𝑖)2.

1

(𝑧 − 𝑖)2(𝑧 + 𝑖)2
 

=  
1

2 
lim
𝑧→𝑖

𝑑

𝑑𝑧

1

(𝑧 + 𝑖)2
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=  
1

2 
lim
𝑧→𝑖

−2

(𝑧 + 𝑖)3
    →  

𝑑

𝑑𝑥
(

1

𝑥𝑛
) =

𝑛

𝑥𝑛+1
 

=  
1

2
.

−2

(𝑖 + 𝑖)3
 

=  
−1

(2𝑖)3 
 =  

−1

23𝑖3
 

=  
−1

8(−𝑖)
    →  𝑖3 = −𝑖 

=  
+1

8𝑖
 

𝐵𝑦 𝑅𝑒𝑠𝑖𝑑𝑢𝑒 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 ∫ 𝑓(𝑧)𝑑𝑧 = 2𝜋𝑖 (𝑠𝑢𝑚 𝑜𝑓 𝑡ℎ𝑒 𝑟𝑒𝑠𝑖𝑑𝑢𝑒)
𝑐

 

𝐼 = 2𝜋𝑖 (
1

8𝑖
) 

𝐼 =  
𝜋

4
 

 

𝟒. 𝒂) 𝑺𝒐𝒍𝒗𝒆 𝒃𝒚 𝑪𝒓𝒂𝒏𝒌 − 𝑵𝒊𝒄𝒉𝒐𝒍𝒔𝒐𝒏 𝒔𝒊𝒎𝒍𝒑𝒍𝒊𝒇𝒊𝒆𝒅 𝒇𝒐𝒓𝒎𝒖𝒍𝒂  

𝝏𝟐𝒚

𝝏𝒙𝟐
−

𝝏𝒖

𝝏𝒕
= 𝟎. 𝒖(𝟎, 𝒕) = 𝟎, 𝒖(𝟏, 𝒕) = 𝟎, 𝒖(𝒙, 𝟎) = 𝟏𝟎𝟎(𝒙 − 𝒙𝟐),  

𝒘𝒊𝒕𝒉 𝒉 = 𝟎. 𝟐𝟓 𝒇𝒐𝒓 𝒐𝒏𝒆 − 𝒕𝒊𝒎𝒆 𝒔𝒕𝒆𝒑.                                                                 (𝟔) 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∶ 𝐻𝑒𝑟𝑒 𝑤𝑒 ℎ𝑎𝑣𝑒 𝑎 = 1 𝑎𝑛𝑑 ℎ = 0.25 

𝑇𝑜 𝑢𝑠𝑒 𝐶𝑟𝑎𝑛𝑘 − 𝑁𝑖𝑐ℎ𝑜𝑙𝑠𝑜𝑛 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 , 𝑤𝑒 𝑚𝑢𝑠𝑡 ℎ𝑎𝑣𝑒 

𝑘 = 𝑎ℎ2 = 1 × 0.252 = 0.0625 

𝑇ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑜𝑓 𝑥 𝑖𝑠 0 𝑡𝑜 1. 

𝑇ℎ𝑒 𝑠𝑢𝑏𝑖𝑛𝑡𝑒𝑟𝑣𝑎𝑙 𝑖𝑠 𝑜𝑓 𝑠𝑖𝑧𝑒 ℎ = 0.25 

𝑥0 = 0, 𝑥1 = 0.25, 𝑥2 = 0.5, 𝑥3 = 0.75, 𝑥4 = 1 
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𝐵𝑦 𝑑𝑎𝑡𝑎 𝑢(0, 𝑡) = 0 

𝑊ℎ𝑒𝑛 𝑥 = 0 , 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑡 , 𝑢 = 0, 𝑤ℎ𝑒𝑛 𝑡 = 0,1. 

𝐵𝑦 𝑑𝑎𝑡𝑎 𝑢(1, 𝑡) = 0 

𝑊ℎ𝑒𝑛 𝑥 = 1, 

𝑓𝑜𝑟 𝑎𝑙𝑙 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑡 , 𝑢 = 0, 𝑤ℎ𝑒𝑛 𝑡 = 0,1. 

𝐵𝑦 𝑑𝑎𝑡𝑎 , 𝑢(𝑥, 0) = 100 (𝑥 − 𝑥2) 

𝑊ℎ𝑒𝑛 𝑥 = 0, 0.25, 0.5, 0.75 , 1. 

𝑤ℎ𝑒𝑛 𝑥 = 0, 𝑢 = 100(0 − 02) = 0 

𝑤ℎ𝑒𝑛 𝑥 = 0.25 , 𝑢 = 100(0.25 − 0.252) = 18.75 

𝑤ℎ𝑒𝑛 𝑥 = 0.5 , 𝑢 = 100(0.5 − 0.52) = 25 

𝑤ℎ𝑒𝑛 𝑥 = 0.75 , 𝑢 = 100(0.75 − 0.752) = 18.75 

𝑤ℎ𝑒𝑛 𝑥 = 1 , 𝑢 = 100(1 − 12) = 0 

t            x 0 0.25 0.5 0.75 1 

0 0 18.75 25 18.75 0 

1 0 𝑢1 𝑢2 𝑢3 0 

 

𝑁𝑜𝑤 𝑏𝑦 𝐶𝑟𝑎𝑛𝑘 − 𝑁𝑖𝑐ℎ𝑜𝑙𝑠𝑜𝑛 𝑓𝑜𝑟𝑚𝑢𝑙𝑎 𝑤𝑒 𝑐𝑎𝑙𝑐𝑢𝑙𝑎𝑡𝑒 𝑡ℎ𝑒 𝑟𝑒𝑚𝑎𝑖𝑛𝑔 𝑣𝑎𝑙𝑢𝑒𝑠. 

𝑒 =
1

4
(𝑎 + 𝑏 + 𝑐 + 𝑑) 

𝑢1 =
1

4
(0 + 0 + 25 + 𝑢2)    → (1) 

𝑢2 =
1

4
(𝑢1 + 18.75 + 18.75 + 𝑢3 )     → (2) 

𝑢3 =  
1

4
(𝑢2 + 25 + 0 + 0)    → (3) 

𝐵𝑦 𝑠𝑜𝑙𝑣𝑖𝑛𝑔 𝑡ℎ𝑒𝑠𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠 𝑤𝑒 𝑔𝑒𝑡, 

 



MUQuestionpapers.com Page 17 
 

𝑢1 = 9.82 , 𝑢2 = 14.28, 𝑢3 = 9.82   

t            x 0 0.25 0.5 0.75 1 

0 0 18.75 25 18.75 0 

1 0 9.82 14.28 9.82 0 

 

 

𝒃) 𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆 ∫
𝒛

(𝒛 − 𝟐)(𝒛 + 𝟏)𝟐
𝒄

 𝒅𝒛, 𝑪: |𝒛| = 𝟑.                                     (𝟔) 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∶ 𝐿𝑒𝑡 𝐼 =  ∫
𝑧

(𝑧 − 2)(𝑧 + 1)2
𝑐

 𝑑𝑧 

𝑇𝑜 𝑓𝑖𝑛𝑑 𝑝𝑜𝑙𝑒𝑠 𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡, 

(𝑧 − 2)(𝑧 + 1)2 = 0 

𝑧 = 2 𝑖𝑠 𝑎 𝑠𝑖𝑚𝑝𝑙𝑒 𝑝𝑜𝑙𝑒 𝑎𝑛𝑑 𝑖𝑛𝑠𝑖𝑑𝑒 |𝑧| = 3. 

𝑧 = −1 𝑖𝑠 𝑎 𝑝𝑜𝑙𝑒 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 2 𝑎𝑛𝑑 𝑖𝑛𝑠𝑖𝑑𝑒 |𝑧| = 3. 

1) 𝑇ℎ𝑒 𝑅𝑒𝑠𝑖𝑑𝑢𝑒 𝑎𝑡 𝑠𝑖𝑚𝑝𝑙𝑒 𝑝𝑜𝑙𝑒 𝑧0 = 2 𝑖𝑠 

𝑅𝑒𝑠𝑖𝑑𝑢𝑒 𝑓(𝑧) 𝑜𝑓 𝑧 = 𝑧0 = lim
𝑧→𝑧0

(𝑧 − 𝑧0)𝑓(𝑧) 

𝑅𝑒𝑠𝑖𝑑𝑢𝑒 𝑓(𝑧) 𝑜𝑓 𝑧 = 2 = lim
𝑧→2

(𝑧 − 2)
𝑧

(𝑧 − 2)(𝑧 + 1)2
 

                                            =  lim
                                                                      𝑧→2

𝑧

(𝑧 + 1)2
 

                                            =
2

(2 + 1)2
 

𝑅𝑒𝑠𝑖𝑑𝑢𝑒 𝑓(𝑧) 𝑜𝑓 𝑧 = 2 =
2

9
 

2) 𝑇ℎ𝑒 𝑅𝑒𝑠𝑖𝑑𝑢𝑒 𝑜𝑓 𝑝𝑜𝑙𝑒 𝑧0 = −1 𝑜𝑓 𝑜𝑟𝑑𝑒𝑟 2. 

𝑅𝑒𝑠𝑖𝑑𝑢𝑒 𝑓(𝑧)𝑜𝑓 𝑧 = 𝑧0 =
1

(𝑛 − 1)𝑖
. lim

𝑧→𝑧0

𝑑𝑛−1

𝑑𝑧𝑛−1
. (𝑧 − 𝑧0)𝑛𝑓(𝑧) 
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=  
1

1𝑖
. lim

𝑧→−1

𝑑

𝑑𝑧
. (𝑧 + 1)2.

𝑧

(𝑧 − 2)(𝑧 + 1)2
 

=  lim
𝑧→−1

𝑑

𝑑𝑧
.

𝑧

𝑧 − 2
 

=  lim
𝑧→−1

[
(𝑧 − 2)1 − 𝑧(1 − 0)

(𝑧 − 2)2
] 

=  lim
𝑧→−1

[
𝑧 − 2 − 𝑧

(𝑧 − 2)2
] 

=  
−2

(−1 − 2)2
=  

−2

9
. 

𝐵𝑦 𝑅𝑒𝑠𝑖𝑑𝑢𝑒 𝑡ℎ𝑒𝑜𝑟𝑒𝑚 

𝐼 = 2𝜋𝑖 (𝑠𝑢𝑚 𝑜𝑓 𝑅𝑒𝑠𝑖𝑑𝑢𝑒) 

= 2𝜋𝑖 (
2

9
−

2

9
) 

𝐼 = 0 

∴  ∫
𝑧

(𝑧 − 2)(𝑧 + 1)2
𝑐

 𝑑𝑧 = 0 

 

𝒄) 𝑺𝒐𝒍𝒗𝒆 (𝑫𝟐 − 𝟐𝑫 + 𝟏)𝒚 = 𝒆−𝒕 𝒘𝒊𝒕𝒉 𝒚(𝟎) = 𝟐, 𝒚′(𝟎) = −𝟏 

𝒘𝒉𝒆𝒓𝒆 𝑫 =
𝒅

𝒅𝒕
.                                                                                                             (𝟖) 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛: (𝐷2 − 2𝐷 + 1)𝑦 = 𝑒−𝑡 

∴  𝐷2𝑦 − 2𝐷𝑦 + 𝑦 = 𝑒−𝑡 

𝑇𝑎𝑘𝑖𝑛𝑔 𝐿𝑎𝑝𝑙𝑎𝑐𝑒 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚, 

𝐿[𝐷2𝑦] − 2𝐿[𝐷𝑦] + 𝐿[𝑦] = 𝐿[𝑒−𝑡] 

∴  [𝑠2�̅� − 𝑠𝑦(0) − 𝑦′(0)] − 2[𝑠�̅� − 𝑦(0)] + �̅� =
1

𝑠 + 1
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∴  𝑠2�̅� − 𝑠(2) −  (−1) − 2𝑠�̅� + 2(2) + �̅� =
1

𝑠 + 1
 

∴  (𝑠2 − 2𝑠 + 1)�̅� =
1

𝑠 + 1
+ 2𝑠 − 1 − 4 

∴  (𝑠 − 1)2�̅� =
1 + 2𝑠(𝑠 + 1) − 5(𝑠 + 1)

𝑠 + 1
 

∴  �̅� =
1 + 2𝑠2 + 2𝑠 − 5𝑠 − 5

(𝑠 − 1)2(𝑠 + 1)
 

∴ 𝑦 = 𝐿−1 [
2𝑠2 − 3𝑠 − 4

(𝑠 − 1)2(𝑠 + 1)
]   → (1) 

𝐿𝑒𝑡 
2𝑠2 − 3𝑠 − 4

(𝑠 − 1)2(𝑠 + 1)
=  

𝐴

𝑠 − 1
+

𝐵

(𝑠 − 1)2
+

𝐶

𝑠 + 1
    → (2) 

∴  2𝑠2 − 3𝑠 − 4 = 𝐴(𝑠 − 1)(𝑠 + 1) + 𝐵(𝑠 + 1) + 𝐶(𝑠 − 1)2   → (3) 

𝑃𝑢𝑡 𝑠 = 1, 

∴ 2 − 3 − 4 = 0 + 𝐵(2) + 0 

∴  −5 = 2𝐵 

∴ 𝐵 =
−5

2
 

𝑃𝑢𝑡 𝑠 = −1 𝑖𝑛 (3) 

∴ 2(−1) − 3(−1) − 4 = 0 + 0 + 𝐶(−2) 2 

∴ 1 = 4𝐶 

∴ 𝐶 =
1

4
 

𝑃𝑢𝑡 𝑠 = 0 𝑖𝑛 (3) 

∴ 0 − 0 − 4 = 𝐴(−1)(1) −
5

2
(1) +

1

4
(−1)2 

∴  −4 +
5

2
−

1

4
= −𝐴 
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∴ 𝐴 =
7

4
 

∴ 𝐹𝑟𝑜𝑚 (1)𝑎𝑛𝑑 (2), 

𝑦 = 𝐿−1 [
7

4⁄

𝑠 − 1
−

5
2⁄

(𝑠 − 1)2
+

1
4⁄

𝑠 + 1
] 

=  
7

4
𝐿−1 [

1

𝑠 − 1
] −

5

2
𝐿−1 [

1

(𝑠 − 1)2
] +

1

4
𝐿−1 [

1

𝑠 + 1
] 

=  
7

4
𝑒1𝑡 −

5

2
𝑒1𝑡𝐿−1 [

1

𝑠2
] +

1

4
𝑒−1𝑡   (𝐹𝑖𝑟𝑠𝑡 𝑆ℎ𝑖𝑓𝑡𝑖𝑛𝑔 𝑀𝑒𝑡ℎ𝑜𝑑) 

=  
1

4
[7𝑒𝑡 − 10𝑒𝑡 . 𝑡 + 𝑒−𝑡] 

∴ 𝑦 =
1

4
[𝑒𝑡(7 − 10𝑡) + 𝑒−𝑡], 𝑖𝑠 𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝐷𝑖𝑓𝑓𝑒𝑟𝑒𝑛𝑡𝑖𝑎𝑙 

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛. 

 

𝟓. 𝒂) 𝑶𝒃𝒕𝒂𝒊𝒏 𝒂𝒍𝒍 𝒑𝒐𝒔𝒔𝒊𝒃𝒍𝒆 𝑻𝒂𝒚𝒍𝒐𝒓′𝒔 𝒂𝒏𝒅 𝑳𝒂𝒖𝒓𝒆𝒏𝒕 𝒔𝒆𝒓𝒊𝒆𝒔 𝒘𝒉𝒊𝒄𝒉 𝒓𝒆𝒑𝒓𝒆𝒔𝒆𝒏𝒕 

𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒇(𝒛) =
𝒛

𝒛𝟐 − 𝟓𝒛 + 𝟔
  𝒊𝒏𝒅𝒊𝒄𝒂𝒕𝒊𝒏𝒈 𝒕𝒉𝒆 𝒓𝒆𝒈𝒊𝒐𝒏 𝒐𝒇  

𝒄𝒐𝒏𝒗𝒆𝒓𝒈𝒆𝒏𝒄𝒆.                                                                                                                (𝟔) 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∶  𝑓(𝑧) =
𝑧

𝑧2 − 5𝑧 + 6
 

𝑓(𝑧) =
𝑧

(𝑧 − 2)(𝑧 − 3)
 

=
3

𝑧 − 3
−

2

𝑧 − 2
    (𝐵𝑦 𝑃𝑎𝑟𝑡𝑖𝑎𝑙 𝐹𝑟𝑎𝑐𝑡𝑖𝑜𝑛) 

𝑇𝑎𝑦𝑙𝑜𝑟′𝑠 𝑆𝑒𝑟𝑖𝑒𝑠: 

𝐺𝑖𝑣𝑒𝑛 𝑎 = 1 

𝐹𝑟𝑜𝑚 (1), 𝑓(𝑧) = 3(𝑧 − 3)−1 − 2(𝑧 − 2)−1 
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∴ 𝑓(𝑎) = 𝑓(1) = 3(𝑧 − 3)−1 − 2(𝑧 − 2)−1 =
1

2
 

∴ 𝑓′(𝑧) = −3(𝑧 − 3)−2 + 2(𝑧 − 2)−2 

∴ 𝑓′(𝑎) = 𝑓′(1) = −3(1 − 3)−2 + 2(1 − 2)−2 =
5

4
 

∴ 𝑓′′(𝑧) = 6(𝑧 − 3)−3 − 4(𝑧 − 2)−3 

∴ 𝑓′′(𝑎) = 𝑓′′(1) = 6(1 − 3)−3 − 4(1 − 2)−3 =
13

4
 

∴ 𝑓′′′(𝑧) = −18(𝑧 − 3)−4 + 12(𝑧 − 2)−4 

∴ 𝑓′′′(𝑎) = 𝑓′′′(1) = −18(1 − 3)−4 + 12(1 − 2)−4 =
87

8
 

𝐵𝑦 𝑇𝑎𝑦𝑙𝑜𝑟′𝑠 𝑆𝑒𝑟𝑖𝑒𝑠, 

𝑓(𝑧) = 𝑓(𝑎) + (𝑧 − 𝑎)𝑓′(𝑎) + (𝑧 − 𝑎)2
𝑓′′(𝑎)

2!
+ ⋯ 

∴  
𝑧

(𝑧 − 2)(𝑧 − 3)
=  

1

2
+ (𝑧 − 1).

5
4⁄

1!
+ (𝑧 − 1)2.

13
4⁄

2!
+ (𝑧 − 1)3.

87
8⁄

3!
+ ⋯ 

∴  
𝑧

(𝑧 − 2)(𝑧 − 3)
=  

1

2
+

5

4
(𝑧 − 1) +

13

8
(𝑧 − 1)2 +

29

16
(𝑧 − 1)3 + ⋯ 

𝐿𝑎𝑢𝑟𝑒𝑛𝑡′𝑠 𝑠𝑒𝑟𝑖𝑒𝑠 𝑒𝑥𝑝𝑎𝑛𝑠𝑖𝑜𝑛: 

𝑓(𝑧) =
3

𝑧 − 3
−

2

𝑧 − 2
 

𝑃𝑢𝑡 𝑢 = 𝑧 − 1 

∴ 𝑧 = 𝑢 + 1 

𝑓(𝑧) =
3

(𝑢 + 1) − 3
−

2

(𝑢 + 1) − 2
 

∴ 𝑓(𝑧) =
3

𝑢 − 2
−

2

𝑢 − 1
     → (1) 

We consider following three cases 
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𝑪𝒂𝒔𝒆 𝟏; 𝑭𝒐𝒓 |𝒖| < 1, 

𝑂𝑏𝑣𝑖𝑜𝑢𝑠𝑙𝑦 |𝑢| < 2 

∴  |𝑢| < 1 𝑎𝑛𝑑 |
𝑢

2
| < 1 

∴ 𝑓(𝑧) =
3

2(𝑢 2 − 1)⁄
−

2

−(1 − 𝑢)
 

=
−3

2
(1 −

𝑢

2
)

−1

+ 2(1 − 𝑢)−1 

=  
−3

2
(1 +

𝑢

2
+

𝑢2

22
+. . ) + 2(1 + 𝑢 + 𝑢2 + ⋯ ) 

=  −3 (
1

2
+

𝑢

22
+

𝑢2

23
+ ⋯ ) + 2(1 + 𝑢 + 𝑢2 + ⋯ ) 

= −3 [
1

2
+

(𝑧 − 1)

22
+

(𝑧 − 1)2

23
+ ⋯ ] + 2[1 + (𝑧 − 1) + (𝑧 − 1)2 + ⋯ ] 

𝑅𝑒𝑔𝑖𝑜𝑛 𝑜𝑓 𝐶𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒: 

𝐴𝑏𝑜𝑣𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑡                                          Y             r =2 

𝑓𝑜𝑟 |
𝑢

2
| < 1 𝑎𝑛𝑑 |𝑢| < 1  

 𝑖. 𝑒. |𝑢| < 2 𝑎𝑛𝑑 |𝑢| < 1                                                                   0 (1,0) 

𝑖. 𝑒. |𝑢| < 1                                                                                                       𝑟       𝑟 = 2 

  𝑖. 𝑒. |𝑧 − 1| < 1, 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡ℎ𝑒 𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒 

𝑖𝑛𝑡𝑒𝑟𝑖𝑜𝑟 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 𝑤𝑖𝑡ℎ 𝑐𝑒𝑛𝑡𝑟𝑒 (1,0) 𝑎𝑛𝑑 𝑟𝑎𝑑𝑖𝑢𝑠 1. 

𝑪𝒂𝒔𝒆 𝟐: 𝑭𝒐𝒓 𝟏 < |𝒖| < 2 

∴  1 < |𝑢| 𝑎𝑛𝑑  |𝑢| < 2 

∴ |
1

𝑢
| < 1 𝑎𝑛𝑑 |

𝑢

2
| < 1 

∴ 𝐹𝑟𝑜𝑚 (1), 𝑓(𝑧) =
3

2(𝑢
2 − 1⁄ )

−
2

𝑢(1 − 1
𝑢⁄ )
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=  
−3

2
(1 −

𝑢

2
)

−1

−
2

𝑢
(1 −

1

𝑢
)

−1

 

=  
−3

2
 (1 +

𝑢

2
+

𝑢2

22
+ ⋯ ) −

2

𝑢
(1 +

1

𝑢
+

1

𝑢2
+ ⋯ ) 

=  −3 (
1

2
+

𝑢

22
+

𝑢2

23
+ ⋯ ) − 2 (

1

𝑢
+

1

𝑢2
+

1

𝑢3
+ ⋯ ) 

= −3 [
1

2
+

(𝑧 − 1)

22
+

(𝑧 − 1)2

23
+ ⋯ ] − 2 [

1

(𝑧 − 1)
+

1

(𝑧 − 1)2
+

1

(𝑧 − 1)3
+. . ] 

𝑅𝑒𝑔𝑖𝑜𝑛 𝑜𝑓 𝐶𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒:                                                   Y 

𝐴𝑏𝑜𝑣𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑡                                          

𝑓𝑜𝑟 |
1

𝑢
| < 1 & |

𝑢

2
| < 1                                  

𝑖. 𝑒. 1 < |𝑢| 𝑎𝑛𝑑 |𝑢| < 2                                     X                          (1,0) 

𝑖. 𝑒. 1 < |𝑢| < 2 

𝑖. 𝑒. 1 < |𝑧 − 1| < 2. 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 

𝑡ℎ𝑒 𝑎𝑛𝑛𝑢𝑙𝑎𝑟 𝑟𝑒𝑔𝑖𝑜𝑛 𝑏𝑒𝑡𝑤𝑒𝑒𝑛 𝑡ℎ𝑒 𝑐𝑜𝑛𝑐𝑒𝑛𝑡𝑟𝑖𝑐 𝑐𝑖𝑟𝑐𝑙𝑒𝑠 𝑤𝑖𝑡ℎ 𝑐𝑒𝑛𝑡𝑟𝑒 (1,0) 

𝑎𝑛𝑑 𝑟𝑎𝑑𝑖𝑖 1 & 2. 

𝑪𝒂𝒔𝒆 𝟑: 𝑭𝒐𝒓 |𝒖| > 2, 

𝑂𝑏𝑣𝑖𝑜𝑢𝑠𝑙𝑦, |𝑢| > 1 

∴ 1 < |𝑢| 𝑎𝑛𝑑 2 < |𝑢| 

∴  |
1

𝑢
| < 1 𝑎𝑛𝑑 |

2

𝑢
| < 1 

∴ 𝐹𝑟𝑜𝑚 (1), 𝑓(𝑧) =  
3

𝑢(1 − 2
𝑢⁄ )

−
2

𝑢(1 − 1
𝑢⁄ )

 

=  
3

𝑢
(1 −

2

𝑢
)

−1

−
2

𝑢
(1 −

1

𝑢
)

−1
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=  
3

𝑢
 (1 +

2

𝑢
+

22

𝑢2
+ ⋯ ) −

2

𝑢
(1 +

1

𝑢
+

1

𝑢2
+ ⋯ ) 

= 3 (
1

𝑢
+

2

𝑢2
+

22

𝑢3
+ ⋯ ) − 2 (

1

𝑢
+

1

𝑢2
+

1

𝑢3
+ ⋯ ) 

= 3 [
1

(𝑧 − 1)
+

2

(𝑧 − 1)2
+

22

(𝑧 − 1)3
+ ⋯ ]

− 2 [
1

(𝑧 − 1)
+

1

(𝑧 − 1)2
+

1

(𝑧 − 1)3
+. . ] 

𝑅𝑒𝑔𝑖𝑜𝑛 𝑜𝑓 𝐶𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑐𝑒:                                              Y 

𝐴𝑏𝑜𝑣𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑖𝑠 𝑐𝑜𝑛𝑣𝑒𝑟𝑔𝑒𝑛𝑡 

𝑓𝑜𝑟 |
1

𝑢
| < 1 𝑎𝑛𝑑 |

2

𝑢
| < 1                              X 

∴ 1 < |𝑢| 𝑎𝑛𝑑 2 < |𝑢|                                                             o         (1,0) 

∴  2 < |𝑢| 𝑎𝑛𝑑 |𝑢| > 2 

𝑖. 𝑒. |𝑧 − 1| > 2, 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑡ℎ𝑒 𝑒𝑥𝑡𝑒𝑟𝑖𝑜𝑟 𝑟𝑒𝑔𝑖𝑜𝑛 𝑜𝑓 𝑡ℎ𝑒 𝑐𝑖𝑟𝑐𝑙𝑒 𝑤𝑖𝑡ℎ 𝑐𝑒𝑛𝑡𝑟𝑒  

(1,0) 𝑎𝑛𝑑 𝑟𝑎𝑑𝑖𝑢𝑠 2. 

 

𝒃) 𝑬𝒗𝒂𝒍𝒖𝒂𝒕𝒆 ∫ 𝒕𝒆𝒕
∞

𝟎

𝐜𝐨𝐬𝟐 𝒕𝒅𝒕                                                                                    (𝟔) 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∶ 𝐶𝑜𝑛𝑠𝑖𝑑𝑒𝑟, 𝐿[cos2 𝑡] = 𝐿 [
1 + cos 2𝑡

2
] 

=  
1

2
{𝐿[1] + 𝐿[cos 2𝑡]} 

=  
1

2
{
1

𝑠
+

𝑠

𝑠2 + 𝑠2
} 

=  
1

2
{

(𝑠2 + 4) + 𝑠2

𝑠(𝑠2 + 4)
} 

=  
1

2
×

2𝑠2 + 4

𝑠(𝑠2 + 4)
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=  
𝑠2 + 2

𝑠3 + 4𝑠
 

∴  𝐿 [𝑡 cos2 𝑡] =  (−1)1
𝑑

𝑑𝑠
[

𝑠2 + 2

(𝑠3 + 4𝑠)
] (𝑀𝑢𝑙𝑡𝑖𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑏𝑦 ′𝑡′) 

∴  ∫ 𝑒−𝑠𝑡𝑡 cos2 𝑡 𝑑𝑡 = − [
(𝑠3 + 4𝑠). 2𝑠 − (𝑠2 + 2). (3𝑠2 + 4)

(𝑠3 + 4𝑠)2
]

∞

0

 

𝑃𝑢𝑡 𝑠 =  −1, 

∴  ∫ 𝑒−𝑠𝑡𝑡 cos2 𝑡 𝑑𝑡 = − [
(−1 − 4). (−2) − (1 + 2). (3 + 4)

(−1 − 4)2
]

∞

0

 

∴  ∫ 𝑒−𝑠𝑡𝑡 cos2 𝑡 𝑑𝑡 =
11

25

∞

0

 

 

𝒄) 𝑶𝒃𝒕𝒂𝒊𝒏 𝒉𝒂𝒍𝒇 𝒓𝒂𝒏𝒈𝒆 𝑭𝒐𝒖𝒓𝒊𝒆𝒓 𝒄𝒐𝒔𝒊𝒏𝒆 𝒔𝒆𝒓𝒊𝒆𝒔 𝒐𝒇  

𝒇(𝒙) =  𝒙(𝝅 − 𝒙), 𝟎 < 𝑥 < 𝜋. 𝑈𝑠𝑖𝑛𝑔 𝑃𝑎𝑟𝑠𝑒𝑣𝑎𝒍′𝒔 𝒊𝒅𝒆𝒏𝒕𝒊𝒕𝒚, 𝒅𝒆𝒅𝒖𝒄𝒆 𝒕𝒉𝒂𝒕   

𝒕𝒉𝒂𝒕 − 
𝝅𝟒

𝟗𝟎
=

𝟏

𝟏𝟒
+ 

𝟏

𝟐𝟒
+ 

𝟏

𝟑𝟒
+ 

𝟏

𝟒𝟒
+ ⋯                                                               (𝟖) 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∶ 𝑓(𝑥) = 𝑥(𝜋 − 𝑥) =  𝜋𝑥 − 𝑥2   

𝐹𝑜𝑟 ℎ𝑎𝑙𝑓 𝑟𝑎𝑛𝑔𝑒 𝑐𝑜𝑠𝑖𝑛𝑒 𝑠𝑒𝑟𝑖𝑒𝑠, 𝑏𝑛 = 0 

𝑎0 =  
2

𝑙
∫ 𝑓(𝑥)𝑑𝑥

𝑙

0

 

=  
2

𝜋
∫ (𝜋𝑥 − 𝑥2)𝑑𝑥

𝜋

0

 

=  
2

𝜋
[𝜋.

𝑥2

2
−

𝑥3

3
]

0

𝜋

 

=  
2

𝜋
[(𝜋.

𝜋2

2
−

𝜋3

3
) − (0 − 0)] 
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=  
2

𝜋
.
𝜋3

6
 

∴  𝑎0 =  
𝑥2

3
 

𝑎𝑛 =  
2

𝑙
∫ 𝑓(𝑥) cos

𝑛𝜋𝑥

𝑙
𝑑𝑥

𝑙

0

 

=  
2

𝜋
∫ (𝜋𝑥 − 𝑥2) cos

𝑛𝜋𝑥

𝜋
𝑑𝑥

𝑙

0

 

=  
2

𝜋
[(𝜋𝑥 − 𝑥2).

sin 𝑛𝑥

𝑛
− (𝜋 − 2𝑥).

−cos 𝑛𝑥

𝑛2
+ (0 − 2).

− sin 𝑛𝑥

𝑛3
]

0

𝜋

 

=  
2

𝜋
{[0 + (𝜋 − 2𝜋).

cos 𝑛𝑥

𝑛2
+ 2.

sin 𝑛𝑥

𝑛3
] − [0 + (𝜋 − 0).

cos 0

𝑛2
+ 2.

sin 0

𝑛3
]} 

=  
2

𝜋
[0 − 𝜋.

(−1)𝑛

𝑛2
+ 0 − 0 − 𝜋.

1

𝑛2
− 0] 

=  
2

𝜋
×

−𝜋

𝑛2
[(−1)𝑛 + 1] 

∴  𝑎𝑛 =  
−2

𝑛2
[(−1)𝑛 + 1] 

∴ 𝐻𝑎𝑙𝑓 𝑟𝑎𝑛𝑔𝑒 𝐹𝑜𝑢𝑟𝑖𝑒𝑟 𝑐𝑜𝑠𝑖𝑛𝑒 𝑠𝑒𝑟𝑖𝑒𝑠 𝑖𝑠, 

𝑓(𝑥) =
𝑎0

2
+ ∑ 𝑎𝑛 cos

𝑛𝜋𝑥

𝑙

∞

𝑛=1

 

∴ 𝑥(𝜋 − 𝑥) =
𝜋2

3⁄

2
+ ∑

−2

𝑛2

∞

𝑛=1

[(−1)𝑛 + 1] cos
𝑛𝜋𝑥

𝜋
 

=  
𝜋2

6
− 2 [

2 cos 2𝑥

22
+ 0 +

2 cos 4𝑥

42
+ 0 +

2 cos 6𝑥

62
+ ⋯ ] 

=  
𝜋2

6
− 2 ×

2

22
 [

cos 2𝑥

12
+

cos 4𝑥

22
+

cos 6𝑥

32
+ ⋯ ] 
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∴ 𝑥(𝜋 − 𝑥) =
𝜋2

6
− [

cos 2𝑥

12
+

cos 4𝑥

22
+

cos 6𝑥

32
+ ⋯ ]   → (1) 

𝐷𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛 1: 𝑃𝑢𝑡 𝑥 = 0 𝑖𝑛 (1) 

∴ 0 =  
𝜋2

6
− [

cos 0

12
+

cos 0

22
+

cos 0

32
+ ⋯ ] 

∴ 0 −
𝜋2

6
= − [

1

12
+

1

22
+

1

32
+ ⋯ ] 

∴  
𝜋2

6
=  

1

12
+

1

22
+

1

32
+ ⋯ = ∑

1

𝑛2

∞

1

 

𝐷𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛 2: 𝑃𝑢𝑡 𝑥 =  
𝜋

2
 𝑖𝑛 (1) 

∴  
𝜋

2
 (𝜋 −

𝜋

2
) =

𝜋2

6
− [

cos 𝜋

12
+

cos 2𝜋

22
+

cos 3𝜋

32
+ ⋯ ] 

∴  
𝜋

2
.
𝜋

2
−

𝜋2

6
= − [

−1

12
+

1

22
+

1

32
+ ⋯ ] 

∴  
𝜋2

12
=  

1

12
−

1

22
+

1

32
− ⋯ 

∴
𝜋2

12
=  

1

12
−

1

22
+

1

32
− ⋯ =  ∑

(−1)𝑛+1

𝑛2

∞

1

 

𝐷𝑒𝑑𝑢𝑐𝑡𝑖𝑜𝑛 3: 𝑈𝑠𝑖𝑛𝑔 𝑃𝑎𝑟𝑠𝑒𝑣𝑎𝑙′𝑠 𝐼𝑑𝑒𝑛𝑡𝑖𝑡𝑦, 

1

𝑙
∫ [𝑓(𝑥)]2

𝑙

0

𝑑𝑥 = (
𝑎0

2
)

2

+
1

2
∑(𝑎𝑛

2 + 𝑏𝑛
2)

∞

𝑛=1

 

∴  
1

𝜋
 ∫ (𝜋𝑥 − 𝑥2)2

𝜋

0

𝑑𝑥 = (
𝜋2

6
)

2

+
1

2
∑ {

−2

𝑛2
[(−1)𝑛 + 1]}

∞

𝑛=1

2

+ 0 

∴  
1

𝜋
∫ (𝜋2𝑥2 − 2𝜋𝑥3 + 𝑥4)

𝜋

0

𝑑𝑥 =
𝜋4

36
+

1

2
[0 +

16

24
+ 0 +

16

44
0 +

16

64
+ ⋯ ] 
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∴  
1

𝜋
[
𝜋2𝑥3

3
−

2𝜋𝑥4

4
+

𝜋5

5
]

0

𝜋

=  
𝜋4

36
+

1

2
×

16

24
[

1

14
+

1

24
+

1

34
+. . ] 

∴  
1

𝜋
[(

𝜋5

3
−

𝜋5

2
+

𝜋5

5
) − (0 − 0 + 0)] =

𝜋4

36
+

1

2
∑

1

𝑛4

∞

1

 

∴
1

𝜋
×

𝜋5

30
−

𝜋4

36
=  

1

2
∑

1

𝑛4

∞

1

 

∴  
𝜋4

180
=  

1

2
∑

1

𝑛4

∞

1

 

∴  
𝜋4

90
= ∑

1

𝑛4

∞

1

=
1

14
+ 

1

24
+ 

1

34
+ ⋯ 

  

𝟔. 𝒂) 𝑭𝒊𝒏𝒅 𝒕𝒉𝒆 𝒊𝒎𝒂𝒈𝒆 𝒐𝒇 𝒕𝒉𝒆 𝒄𝒊𝒓𝒄𝒍𝒆 |𝒛| = 𝟐 𝒖𝒏𝒅𝒆𝒓 𝒕𝒉𝒆  

𝒕𝒓𝒂𝒏𝒔𝒇𝒐𝒓𝒎𝒂𝒕𝒊𝒐𝒏 𝒘 = 𝒛 + 𝟑 + 𝟐𝒊. 𝑫𝒓𝒂𝒘 𝒕𝒉𝒆 𝒔𝒌𝒆𝒕𝒄𝒉.                                  (𝟔) 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛: 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛: 𝑤 = 𝑧 + 3 + 2𝑖. 

∴ 𝑤 − 3 − 2𝑖 = 𝑧  → (1) 

𝑁𝑜𝑤 , 𝑔𝑖𝑣𝑒𝑛 , |𝑧| = 2, 𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎 𝑐𝑖𝑟𝑐𝑙𝑒 𝑤𝑖𝑡ℎ 𝑐𝑒𝑛𝑡𝑟𝑒 (0,0)𝑎𝑛𝑑 𝑟𝑎𝑑𝑖𝑢𝑠 = 2 

𝑖𝑛 𝑧 − 𝑝𝑙𝑎𝑛𝑒. 

∴  |𝑤 − 3 − 2𝑖| = 2 (𝐹𝑟𝑜𝑚 1) 

∴  |𝑢 + 𝑖𝑣 − 3 − 2𝑖| = 2 ( 𝑤𝑒 𝑝𝑢𝑡 𝑤 = 𝑢 + 𝑖𝑣) 

∴ |(𝑢 − 3) + 𝑖(𝑣 − 2)|2,  

𝑤ℎ𝑖𝑐ℎ 𝑖𝑠 𝑎 𝑐𝑖𝑟𝑐𝑙𝑒 𝑤𝑖𝑡ℎ 𝑐𝑒𝑛𝑡𝑟𝑒 (3,2)𝑎𝑛𝑑 𝑟𝑎𝑑𝑖𝑢𝑠 = 2 𝑖𝑛 𝑊 − 𝑝𝑙𝑎𝑛𝑒. 

 

                        Y                                                     V 

        X                  0                  (2,0)                                       (3,2) 
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                         Z-Plane                                         0                  W-Plane          

  

𝒃) 𝑨 𝒓𝒆𝒄𝒕𝒂𝒏𝒈𝒖𝒍𝒂𝒓 𝒎𝒆𝒕𝒂𝒍 𝒑𝒍𝒂𝒕𝒆 𝒘𝒊𝒕𝒉 𝒊𝒏𝒔𝒖𝒍𝒂𝒕𝒆𝒅 𝒔𝒖𝒓𝒇𝒂𝒄𝒆 𝒐𝒇 𝒘𝒊𝒅𝒕𝒉 𝒍 𝒂𝒏𝒅 

𝒔𝒐 𝒍𝒐𝒏𝒈 𝒂𝒔 𝒄𝒐𝒎𝒑𝒂𝒓𝒆𝒅 𝒕𝒐 𝒊𝒕𝒔 𝒃𝒓𝒆𝒂𝒅𝒕𝒉 𝒕𝒉𝒂𝒕 𝒊𝒕 𝒄𝒂𝒏 𝒃𝒆 𝒄𝒐𝒏𝒔𝒊𝒅𝒆𝒓𝒆𝒅 𝒊𝒏𝒇𝒊𝒏𝒊𝒕𝒆 

𝒊𝒏 𝒍𝒆𝒏𝒈𝒕𝒉 𝒘𝒊𝒕𝒉𝒐𝒖𝒕 𝒊𝒏𝒕𝒓𝒐𝒅𝒖𝒄𝒊𝒏𝒈 𝒂𝒏 𝒂𝒑𝒑𝒓𝒆𝒄𝒊𝒂𝒃𝒍𝒆 𝒆𝒓𝒓𝒐𝒓. 𝑰𝒇 𝒕𝒉𝒆  

𝒕𝒆𝒎𝒑𝒆𝒓𝒂𝒕𝒖𝒓𝒆 𝒂𝒍𝒐𝒏𝒈 𝒐𝒏𝒆 𝒔𝒉𝒐𝒓𝒕 𝒆𝒅𝒈𝒆 𝒚 = 𝟎 𝒊𝒔 𝒈𝒊𝒗𝒆𝒏 𝒃𝒚  

𝒖(𝒙, 𝟎) = 𝒖𝟎 𝐬𝐢𝐧 (
𝝅𝒙

𝒍
) 𝒇𝒐𝒓 𝟎 < 𝑥 < 𝑙 𝑎𝑛𝑑 𝑜𝑡ℎ𝑒𝑟 𝑙𝑜𝑛𝑔 𝑒𝑑𝑔𝑒𝑠 𝑥 = 0 𝑎𝑛𝑑 

𝒙 = 𝒍 𝒂𝒏𝒅 𝒕𝒉𝒆 𝒔𝒉𝒐𝒓𝒕 𝒆𝒅𝒈𝒆𝒔 𝒂𝒓𝒆 𝒌𝒆𝒑𝒕 𝒂𝒕 𝒛𝒆𝒓𝒐 𝒅𝒆𝒈𝒓𝒆𝒆𝒔 𝒕𝒆𝒎𝒑𝒆𝒓𝒂𝒕𝒖𝒓𝒆, 

𝒇𝒊𝒏𝒅 𝒕𝒉𝒆 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒖(𝒙, 𝒚)𝒅𝒆𝒔𝒄𝒓𝒊𝒃𝒊𝒏𝒈 𝒕𝒉𝒆 𝒔𝒕𝒆𝒂𝒅𝒚 𝒔𝒕𝒂𝒕𝒆, 𝒂𝒔𝒔𝒖𝒎𝒊𝒏𝒈 𝒕𝒉𝒂𝒕 

𝒊𝒏 𝒕𝒉𝒆 𝒔𝒕𝒆𝒂𝒅𝒚 𝒔𝒕𝒂𝒕𝒆 𝒕𝒉𝒆 𝒉𝒆𝒂𝒕 𝒅𝒊𝒔𝒕𝒓𝒊𝒃𝒖𝒕𝒊𝒐𝒏 𝒇𝒖𝒏𝒄𝒕𝒊𝒐𝒏 𝒖(𝒙, 𝒚)𝒔𝒂𝒕𝒊𝒔𝒇𝒊𝒆𝒔 

𝒕𝒉𝒆 𝑳𝒂𝒑𝒍𝒂𝒄𝒆 𝒆𝒒𝒖𝒂𝒕𝒊𝒐𝒏 
𝝏𝟐𝒖

𝝏𝒙𝟐
+

𝝏𝟐𝒖

𝝏𝒚𝟐
= 𝟎.                                                            (𝟔) 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∶ 

𝑊𝑒 𝑎𝑠𝑠𝑢𝑚𝑒 𝑡ℎ𝑎𝑡 𝑖𝑛 𝑡ℎ𝑒 𝑠𝑡𝑒𝑎𝑑𝑦 𝑠𝑡𝑎𝑡𝑒 𝑡ℎ𝑒 ℎ𝑒𝑎𝑡 𝑑𝑖𝑠𝑡𝑟𝑖𝑏𝑢𝑡𝑖𝑜𝑛 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛  

𝑢(𝑥, 𝑦)𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑠 𝑡ℎ𝑒 𝐿𝑎𝑝𝑙𝑎𝑐𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 

 
𝜕2𝑢

𝜕𝑥2
+

𝜕2𝑢

𝜕𝑦2
= 0      → (1) 

𝐼𝑡𝑠 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠 𝑜𝑓 𝑡ℎ𝑒 𝑓𝑜𝑟𝑚 

𝑢 = (𝑐1 cos 𝑚𝑥 + 𝑐2 sin 𝑚𝑥)(𝑐3𝑒𝑚𝑦 + 𝑐4𝑒−𝑚𝑦)     → (2) 

𝑇ℎ𝑒 𝑔𝑖𝑣𝑒𝑛 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 𝑎𝑟𝑒 

1) 𝑢 → 0 𝑎𝑠 𝑦 → ∞ 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑥; 

2) 𝑢 = 0 𝑖𝑓 𝑥 = 0 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑦; 
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3) 𝑢 = 0 𝑖𝑓 𝑥 = 𝑙 𝑓𝑜𝑟 𝑎𝑙𝑙 𝑦; 

4) 𝑢 =  𝑢0 sin
𝜋𝑥

𝑙
 𝑖𝑓 𝑦 = 0 𝑓𝑜𝑟 0 < 𝑥 < 𝑎. 

𝑈𝑠𝑖𝑛𝑔 𝑡ℎ𝑒𝑠𝑒 𝑖𝑛𝑖𝑡𝑖𝑎𝑙 𝑐𝑜𝑛𝑑𝑖𝑡𝑖𝑜𝑛𝑠 

1) 𝑢 → 0 𝑎𝑠 𝑦 → ∞. 𝐻𝑒𝑛𝑐𝑒 , 𝑤𝑒 𝑠ℎ𝑜𝑢𝑙𝑑 ℎ𝑎𝑣𝑒 𝑐3 = 0. 

∴  𝑢 = (𝑐1 cos 𝑚𝑥 + 𝑐2 sin 𝑚𝑥)𝑐4𝑒−𝑚𝑦    → (3) 

2) 𝑢 = 0 𝑤ℎ𝑒𝑛 𝑥 = 0. 𝐻𝑒𝑛𝑐𝑒, 𝑓𝑟𝑜𝑚 (3), 𝑤𝑒 𝑔𝑒𝑡, 

0 = 𝑐1𝑐4𝑒−𝑚𝑦     ∴ 𝑐1 = 0    ∴ 𝑢 =  𝑐2𝑐4 sin 𝑚𝑥 𝑒−𝑚𝑦 

𝑖. 𝑒. 𝑢 =  𝑐5 sin 𝑚𝑥 𝑒−𝑚𝑦     → (4) 

3) 𝑢 = 0 𝑤ℎ𝑒𝑛 𝑥 = 𝑎. 𝐻𝑒𝑛𝑐𝑒, 𝑓𝑟𝑜𝑚 (4), 𝑤𝑒 𝑔𝑒𝑡 0 = 𝑐5 sin 𝑚𝑙 𝑒−𝑚𝑦 

∴ 𝑚𝑎 = 𝑛𝜋    ∴ 𝑚 =
𝑛𝜋

𝑎
, 𝑛 = 1,2,3, …      → (5) 

∴   𝑢 = 𝑐5  sin
𝑛𝜋𝑥

𝑙
. 𝑒

−𝑛𝜋𝑦
𝑙   ⁄   → (6) 

𝐻𝑒𝑛𝑐𝑒, 𝑡ℎ𝑒 𝑔𝑒𝑛𝑒𝑟𝑎𝑙 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑖𝑠  

𝑢 = ∑ 𝑏𝑛 sin
𝑛𝜋𝑥

𝑙
. 𝑒

−𝑛𝜋𝑦
𝑙   ⁄   𝑤ℎ𝑒𝑟𝑒 𝑛 = 1,2,3, …     → (7) 

4) 𝐵𝑢𝑡, 𝑢 =  𝑢0 sin (
𝜋𝑥

𝑙
)  𝑖𝑓 𝑦 = 0. 

𝐻𝑒𝑛𝑐𝑒, 𝑓𝑟𝑜𝑚 (7)𝑤𝑒 𝑔𝑒𝑡 ,   𝑢0 sin (
𝜋𝑥

𝑙
) = ∑ 𝑏𝑛 sin

𝑛𝜋𝑥

𝑙
. 

𝐻𝑒𝑛𝑐𝑒, 𝑓𝑜𝑟 𝑛 = 1, 𝑏1 sin (
𝜋𝑥

𝑙
) = 𝑢0 sin (

𝜋𝑥

𝑙
)    ∴ 𝑏1 = 𝑢0  𝑎𝑛𝑑  

𝑏2 = 𝑏3 = ⋯ . . = 

𝑃𝑢𝑡𝑡𝑖𝑛𝑔 𝑡ℎ𝑒𝑠𝑒 𝑣𝑎𝑙𝑢𝑒𝑠 𝑜𝑓 𝑏𝑛, 𝑤𝑒 𝑔𝑒𝑡, 𝑓𝑟𝑜𝑚 (7)𝑡ℎ𝑒 𝑠𝑜𝑙𝑢𝑡𝑖𝑜𝑛 𝑜𝑓 (1)𝑎𝑠 

 𝑢 =  𝑢0 sin (
𝜋𝑥

𝑙
) 𝑒

−𝜋𝑦
𝑙   ⁄ . 

𝒄) 𝑷𝒓𝒐𝒅𝒖𝒄𝒕𝒊𝒐𝒏 (𝒊𝒏 𝒎𝒆𝒕𝒓𝒊𝒄 𝒌𝒊𝒍𝒐𝒕𝒐𝒏 )𝒐𝒇 𝒘𝒉𝒆𝒏 𝒊𝒏 𝒂 𝒄𝒐𝒖𝒏𝒕𝒓𝒚 𝒊𝒔 𝒈𝒊𝒗𝒆𝒏 𝒃𝒚  

𝒕𝒉𝒆 𝒇𝒐𝒍𝒍𝒐𝒘𝒊𝒏𝒈 𝒅𝒂𝒕𝒂, 
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𝑭𝒊𝒕 𝒂 𝒔𝒕𝒓𝒂𝒊𝒈𝒉𝒕 𝒍𝒊𝒏𝒆 𝒕𝒐 𝒕𝒉𝒆 𝒅𝒂𝒕𝒂 𝒂𝒏𝒅 𝒆𝒔𝒕𝒊𝒎𝒂𝒕𝒆 𝒕𝒉𝒆 𝒑𝒓𝒐𝒅𝒖𝒄𝒕𝒊𝒐𝒏 𝒊𝒏 𝒕𝒉𝒆  

𝒚𝒆𝒂𝒓 𝟐𝟎𝟏𝟎.                                                                                                                     (𝟖) 

𝑆𝑜𝑙𝑢𝑡𝑖𝑜𝑛 ∶  

x y 
𝑋 =

𝑥 − 2011

2
 

Y=y 𝑋2 XY 

2005 8 -3 8 9 -24 

2007 12 -2 12 4 -24 

2009 15 -1 15 1 -15 

2011 19 0 19 0 0 

2013 21 1 21 1 21 

2015 22 2 22 4 44 

2017 25 3 25 9 75 

 TOTAL 0 122 28 77 

 

𝐻𝑒𝑟𝑒 , 𝑛 = 7 

𝐿𝑒𝑡 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑏𝑦 𝑌 = 𝑎 + 𝑏𝑋   → (1) 

𝑆𝑢𝑏𝑗𝑒𝑐𝑡 𝑡𝑜, 

∑ 𝑌 = 𝑎𝑛 + 𝑏 ∑ 𝑋 

∴ 122 = 7𝑎 + 0 

∴ 𝑎 = 17.4286 

𝐴𝑛𝑑, ∑ 𝑋𝑌 = 𝑎 ∑ 𝑋 + 𝑏 ∑ 𝑋2 

∴ 77 = 0 + 28𝑏 

∴ 𝑏 = 2.75 

∴ 𝐹𝑟𝑜𝑚 (1), 𝑡ℎ𝑒 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑖𝑠 

𝑌 = 17.4286 + 2.75 𝑋 

Year (x) 2005 2007 2009 2011 2013 2015 2017 

Production(y) 8 12 15 19 21 22 25 
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𝑅𝑒 − 𝑠𝑢𝑏𝑠𝑡𝑖𝑡𝑢𝑡𝑒  𝑋 𝑎𝑛𝑑 𝑌. 

𝑦 = 17.4286 + 2.75 (
𝑥 − 2011

2
) 

∴ 𝑦 = 17.4286 + 1.375 (𝑥 − 2011) 

𝑊ℎ𝑒𝑛 𝑥 = 2010 

𝑦 = 17.4286 + 1.375(2010 − 2011) = 16.0536 

𝐻𝑒𝑛𝑐𝑒, 

𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛 𝑜𝑓 𝑠𝑡𝑟𝑎𝑖𝑔ℎ𝑡 𝑙𝑖𝑛𝑒 𝑓𝑖𝑡 𝑖𝑠 

𝑦 = 17.4286 + 1.375(𝑥 − 2011) 𝑎𝑛𝑑 𝑃𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑖𝑛 𝑡ℎ𝑒 𝑦𝑒𝑎𝑟 2010 𝑖𝑛 

16.0536 𝑚𝑒𝑡𝑟𝑖𝑐 𝑘𝑖𝑙𝑜𝑡𝑜𝑛. 

 

 

 

  

 

 

 

 

                                                                                                                                  


