M3 SOLUTION OF QUESTION PAPER

(CBCGS MAY 18)

Q.P. Code: 39159

Q.1.a) Find Laplace transform of
f(t) = e *(cos2t.sint) (5)

Solution: Consider

1
cos 2t sin 2t = E 2sintcos 2t

N |-

[sin(1 + 2)t + sin(1 — 2)t]

[sin 3t — sin t]

N | =

| 1y o3 1
1530 = L(sin 01 = 5. 175~ 7]

N| -

~ L(cos 2tsint) =

Now by first shifting theorem,

_ [ 3 1
Lle~t(cos 2t.sint)] = E_(s+1)2+9_(5+1)2+1]

1] 3 1 ]
2 1s2425+10 242542

N |

. s%+2s-2
T (s2+25+10)(s2+25+2)

b) Show that the set of functions
cosnx,nl,2,3...is orthogonal on (0, 2m). (5)

Solution: We have f,, (x) = cosnx.




2T

7Tfm(x)-fn(x)dx=J cos mx. cos nx dx

0 0

1 2
=5 f [cos(m + n)x + cos(m — n)x] dx
0

2T

2

1 [sin(m + n)x N sin(m — n)x

m+n m-—-n

Now, two cases arise.

21
Case 1: When m # n, then fin (). f(x)dx =0
0

21 21
Case 2: When m = n, then J f ). f (x)dx = j cos?® nx dx
0 0

-- j TGl dx = |

0

sin 2nx
2n

2T 1 4+ cos 2nx 1
e,

2T
— = 0
2 x[x+ ]0 T #

. 21 — 0, lfm Fn
Since, i [, f, (x)dx {: 0,if m=n

The given set of functions is orthogonal on [0,2m].

¢) The eqations of lines of regression are x + 2y = 5 and

2x + 3y = —8.

Find 1) means of x and y,2) coefficient of correlation

between x and y. (5)

Solution : Lines of regressionare x + 2y = 5and 2x + 3y = —8

1.5 ) and 2 8 -
LY = —— N = ——x—= -
Y 2% T3 andy 3¥ 73




Let b; = —% and b, =—§

1 3
Since |by| < |by|, by = by = and b, =5 ="3 ° (3)
2

Hence, equation (1) is regression equation of Y on X — axis and

equation (2) is regression equation of X onY type.

From (1)and (2),—1x-|-_ = _Ex_g
2 2 3 3
2 1 8 5
-.- §x_§x= —5—5
1 31
% gx: —Z
x = —31

2 8
Substituting x = —31in (2),y = —§(—31) 73

~y =18

Now,r = + fbyx.bxy
= + _1><_3 3
= T 7 7 (from )

= 10.8660

Since,, by, and b, are both negative,'r'is negative.
~r= —0.8660

Hence,

Meansof xandy:x = —-31; y=7

Coefficient of Correlation between x andy (r) = —0.8660.




d) Evaluate f (z% + 2Z + 1)dz where C is the circle |z| (5)

Cc

Solution : |z| = 1is circle with centre (0,0)and radius = 1

Put z = re'? = 1¢%

dz = e?.ido
' A
and , 7 = e™% Y r=1
) AN
0 X
v

Limits for complete circleare 8 = 0to 0 = 2n

2T
j (22 -2z +1)dz = J |(e) =27 +1].ie%dp
c 0
21
= j [e20 — 27 +1].ie'd6
0

2m
=i j [e30 — 2 €% + ' |do
0

0136 l0 21
=1 [ TR
0
0136 2n
= — 2i6 +ei9]
B 3 0
'ei67'£ _ eO
=13 — 4im + 912”]—!?—0+e°]

1 "
= 3 (cscb6m + isin6m) — 4im + (cos 2m + i sin 2n)] — [§ + 1]

__11 0 4i 14+0 4
= §( + )— l7'[+( + )]—§




SR
-3 3

= —4in

Hence,_[ (z2 +2Z+1)dz = —4in
Cc

Q.2.a) Using convolution theorem, find the inverse Laplace

transform of f(s) = CETICEY) (6)

1 _ [t 1
(s2+ 9)(s2 + 4) ] = [(32 19 2+ 4)]
1

02(8) =742

Solution = L1 [

Let @1(5) = Sz-l-—32 ;

1
] = —sin 3t and

A =17 .

s2 + 32

1
] = —sin 2t

fu©) = 17| .

s2 + 22

By Convolution theorem,

It = [0,(s)0,(s)] = f At - wdu
0

L1 1
w L [(s2 19) 2+ 4)] -

—ft1'31'2(t )d><2
= 0351n u.251n u)au >
t

1
= — | 2sin3u.sin(2t — 2u)du
12 ),

t

1
= 12 [cos(3u — 2t + 2u) — cos(3u + 2t — 2u)] du
0




1

12

1
12

1

ol
[\

cos(Su — 2t) — cos(u + 2t)] du

o

[ sin(5u — 2t)

—sin(u + 2t)]

[sm(St — 2t)

— sin(t + Zt)] — [

sin(0 — 2t)

5

— sin(0 + 2t)n

{
(5 -sms]- %
a

—4sin Bt] [ 6sin Zt]}

{—4Sin 3t N 6sin Zt}
5 5

(- (- (-
= Nlr—\ Nlr—\ Nlr—\

= EXS{ 2 sin 3t + 3 sin 2t}

1
= %(3 sin 2t — 2 sin 3t)

1

sin 2t _
— sin Zt]}

L1 (3 sin 2t — 2 sin 3t)

(s2+9)(s2+4) 30

b) Obtain Fourier series of f(x) =

solution : f(x) = |x|

s fl=x) = |=x| = |x| = f(x)
~ f(x)is even function.

2 by =0

Here,l = 1

2 l
ag = Tjof(x)dx

|x| in (- @, ).




In

VA
|x|dx
0

2 T
—.[ xdx
T Jy
2 [xzr
m|2 0
1
;[FZ—O]
T
2 (! nmx
= —| f(x)cos—dx
L), l
2 (™ nimx

|x| cos——dx
0 T

T
f X cosnx dx
0

2 sin nx —cosnx1”

— |x. — 1. 5 ]

T n n 0

2 [/ sinnm cosnx 0 cos 0

;_(n. n T n2 >_< +n2 )]

2 (- 1

—0+ —-0—-—

n[ n2 nzl

2 -1 —1]
mn2
Fourier series,
nmwx nmwx
f(x) = 7+ Zancos—+ b,, smT
n=1 n=1
T ¢ 2 nmwx

3 |x|=§ Zn_ (D)™ - ]cos—+0

n:




o I—n+ 2 (—2cosx+ 2cos3x+ 2c055x+ )
=T I\ T2 32 52 &
4 scosx cos3x cosbx

T
; |x|:§_n<1z T T +> - @

Deduction : Put x = 0in (1)

s 0=

T 4(c050+c050+c050+ )
2 mw\ 12 32 52 N

s 4,1 1 1
Dot= S (G tmte)
s

T 1 1 1

¢) Find the bilinear transformation which maps the points z = 1,
i,—1.0nto the pointsw = i,0,—i. Hence, find the image of |z| < 1
onto the w — plane. (8)

Solution : Part:1

az+ b
cz+d

- (1)

Let the bilinear transformation be w =

(where a, b, c,d are complex constants and ad — bc # 0)
Putz=1andw =iin (1)

. _a)+b
..l—m

sic+id=a+b - (2)
Putz=iandw =0in (1)

_a@®+b
e +d




~0=ai+b
Putz=-1landw =—-1in (1)

_a(=)+b
T =D +d
sic—id= —a+b - (4)
Adding (2)and (4),we get,2 ic = 2b

b —ai
S C = ? = T =—-—a - (5)(From 1)
Substituting (3)and (5)in (2)we get,
w —ila+id =a—ia

~id=a
a
-'-d=?= —ai - (6)

Substituting (3), (5) and (6)in (1), we get,

az — ai —a(—z+1i)
SW = - = -
—az — ail —a(z+1i)
_ (=z+10)
 (z+D)
i—z . . .
W= n — (7)is the Bilinear Transformation.
Part 2:

For fixed points,put w = z in (7)

i—2z
z+1i

oo Z

L Zi4iz=i—1z

vzt +z>(i+1)4+z—-i=0




=+ D@+ D2 -4D)(-D)
Z= 2(1)

—(+1)+V6i
7 =
2

,are the fixed points.

Since the fixed points are not equal, the bilinear transformation is not
Parabolic.

Part : 3

From (7), wz+wi=i+z

S WZHw=1— 1w

czw+ 1) =i—iw

i(1—-w)
zZ=—"7
w+1

Given,|z| < 1,which is the interior of a circle with centre (0,0)and

radius = 1 unit in z — plane.

il [T —=wl < w41

S0+ 11— (u+tiv)| < lu+iv+ 1]

O+ 12 /(1 —w)? + (—v)2 < VA +w)? +v?

On squaring,1.(1 — 2u + u? + v?) < (1 + 2u + u? + v?)
sl=2u+u?+v? <1+42u+u?+v?

~0 <4u

s~ u = 0,which is right half of v — axix inw — plane.

Hence, the interior of the circle |z| < 1 in z — plane is mapped onto the
right half of v — axis inw — plane.




3.a) If v = e*sin y,prove that v is a harmonic function. Also find

the corresponding harmonic conjugate function and analytic

function. (6)
_ ov 0%v .
Solution: We have 3 = € siny, o5 =etsiny
ov 0%v _
@zexcosy a—yz=—exsmy
0%v  9%*v o , ,
%2 + a_yz =0 -~ vsatisfies Laplace’'s equation.

Now,we use, Milne — Thompson Method .

v, =e*siny . 92(z,0)=0; v,=e*cosy - @l(z0)=c¢e”
~f'(z) =91 (2,0) +ip2(z,0) =e*+0

~f(z)=e*+c

Now, f(z) = e? = e**VW = ¥ + eV = e¥*(cosy + isiny)

LU= e*cosy

’u odu
b) Using Bender — Schmidt method ,solve a2 9t = 0,subject to

the conditions,u(0,t) = 0,u(5,t) = 0,u(x,0) = x2(25 — x?)
taking h = 1, for 3 minutes. (6)

Solution : We have givenh =1anda =1
a 1

k = = h? ~k==.(1)>=0.5
> - (D)

Since,h = 1,and the x is 0 to 5. We divide x interval into 5 parts by
taking h = 1.

We also divide the time interval by taking k = 0.5 upto3.




to=0,t; =0.5,t, =1.0,t3 =1.5,t, = 2,t5 = 2.5,t5 = 3.

By data, u(0,t) =0

Hence, forallx =0andt =0,0.5,1,1.5,2,2.5,3.

~ u(0,t) =0 forallt.

By data u(5,t) =0

Hence forallx =5and t =0,0.5,1,1.5,2,2.5, 3.

~u(5,t) =0 forallt.

Now,u(x,0) = x?(25 — x?)

We now calculateu fort =0and x = 1,2,3,4,5.

Whenx =0,t =0, u=0%25-0%=0
x=1,t=0, u=1%(25-12%) =24
x=2,t=0, u=2%(25-2%) =84
x=3,t=0, u=32(25-3%) =144
x=4,t=0, u = 42(25—42%) = 144

x=51t=0, u=>5%025-5%)=0

t X 0 1 2 3 4 5
0 0 24 84 144 144 0
0.5 0 42 84 114 72 0
1 0 42 78 78 57 0
1.5 0 39 60 67.5 39 0
2 0 30 53.25 49.5 33.75 0
2.5 0 26.625 39.75 43.5 24.75 0
3 0 19.875 35.06 32.25 21.75 0




+b

Used Bender Schmidt formula c = for remaining values.

2
¢) Using Residue theorem, evaluate (8)
. jZ" do ) * dx
) o 2+cos6 ) 0o X2 +1

Q.4.a) Solve by Crank — Nicholson simplified formula

O%u O\ (0,6) = 0,u(L,£) = 2t u(x,0) = 0 taking h = 0.25
32 g¢ - 0uw0.0)=0u(t)=2tu(x0) = 0taking h = 0.
for two — time steps. (6)

Solution: Here we have a = 1.

Since the interval of x is 0 to 1,choose h = 0.25.

v X9 =0,x;, =025,x, =0.5,x3 =0.75,x, = 1.

Since to use simplified formula of Crank — Nicholson, we must have

2
k = ah? wetakekzl.(l) =i
' 4 16

1
Since we want the values of u for two steps only we take k = 16’16

Lty =0,t =i,t2 _Z
16 16
By datau(x,0) = 0.e., for all values of x whent = 0,u = 0;
when x = 0.00,0.25,0.50,0.75,1.00
By datau(0,t) = 0i.e.,whenx = 0, for all values of t,u = 0,

2

whent = O'E'E'




By datau(l,t) = 2ti.e.,whenx = 1l,and t = 0,u = 0;

1 1 1
Whenx=1andt:1—6, u=2(1_6>=§
2 2 1
Whenleandt=E, ”:2<E>:Z'
t X 0.00 0.25 0.25 0.75 1.00
0 0 0 0 0 0
1/16 0 Uy Uz Us 1/8
2/16 0 Uy Us Ug 1/4

Now, by Crank — Nicholson formula we calculate the remaining values.

1
ezz(a+b+c+d) - (1)

1 u
u1=Z(O+O+O+u2)=IZ N

1 1
u2=Z(0+O+u1+u3)=Z(u1+u3) - (3)

1 1 1 1
u3=Z<O+0+u2 +§>=Z(u2 +§> - (4)

We solve these equations to obtain u,, u,, us.

t X 0.00 0.25 0.50 0.75 1.00
0 0 0 0 0 0

1/16 0 1/448 1/112 15/448 1/8

2/16 0 Uy Us Ug 1/4

We repeat the above process again. By equation (1).

1
i

1/ 1

4

=‘(m+“5

1

15

1

1
”s—z(m+m+”4+”6)

) _ %(0.0089 +u) - (5)




1 1
= 7(0.0022 +0.0335 + 1y +ug) = 7 (0.0357 + uy +ug) > (6)

_1(1 +1+ +1>
Yo =4\112 g% Ty

1
= 1(0.0089 + 0.1250 + us + 0.250)

1
=7(03839+us) > (7)

Putting the values of u, and uy from (5) and (7)in (6) we get.

t X 0.00 0.25 0.50 0.75 1.00
0 0.00 0.00 0.00 0.00 0.00
1/16 0.00 0.0022 0.0089 0.0334 0.125
2/16 0.00 0.0117 0.03822 0.1080 0.250

b) Obtain the Taylor's and Laurent series which represent the

: 2 : .
the function f(z) = Z-Dz-2) in the regions,
Diz|=1 2) 1< |z| < 2. (6)
a b
Solution: Let +

(Z—l)(Z—Z):Z—l zZ—2

2=a(z—2)+b(z—-1)

Whenz=1, 2= -a a=-—2
Whenz=2, 2=05»,
2 -2 2
= +
z—-1D(z-2) z-1 z-2

Case(1):When |z| < 1,clearly |z| < 2




@) = e e[l —g —[1—z/2]"
h C1-z 2[1-(11-2z/2)]
f() = 2[1+z+22+zs+...]_[1+(;)+(;)2+(;)3+...]
Case(2):When 1 < |z| < 2,we write
2 =2 2
(z—l)(z—Z)_Z—1+Z—2 as
2 2

T zZ[1-(1-2)] 2[1-1-2z/2)]

‘M- (/D -1 (/D)

Z

¢) Solve (D?> — 3D + 2)y = 4e** with y(0) = —3,y'(0) = 5 where

d

D=—.
dt

(8)
Solution: Let L(y) = y. Then,taking Laplace transform,

L(y") = 3L(y') + 2L(y) = 4L(e*")

But L(y') =sy—y(0) =sy+3

and L(y") = s?y —sy(0) —y'(0) = s?y +3s—5

= The equation becomes,

1
(s’y+3s—=5)—3(sy+3)+2y=4——

s—2
(5?35 4 2)y = 4 a3 _ —35%+20s — 24
S S M 5= s—2
—3s5%2 4+ 20s — 24 —3s% +20s — 24

Y G D(2-3542)  G-DG=2)?




By partial fraction, y = —s-1ts—37 (s — 2)2

Taking inverse Laplace transform,

y =717 ; - )+ (s—iz> AL <ﬁ)

1 1 1
= —7etL 71—+ 4e? 71— + 42t 71 -
S S s

Hence,y = —7e' + 4e*' + 4te?..

Q.5.a) Find an analytic function f(z) = u + iv, if
u =e *{(x* —y*) cosy + 2xysiny} (6)
Solution: Letu = e *{(x? — y?) cosy + 2xy siny}

U, = —e *{(x? —y%) cosy + 2xy siny} + e *{2x cosy + 2y siny}

= e ¥[—(x? —y?)cosy + 2xcosy + 2y siny — 2xysin y]

u, = e *[—(x* —y?*)siny — 2y cosy + 2x siny — 2xy cos y]
f@p=uy, and @, =u,
By Milne — Thompson method

f'(@) = ¢1(2,0) —ig, (z,0) = e7*[—z* + 27]
~f(2) = f e %[—z* + 2z]dz
Integrating by parts,
f(2) = (=22 + 22)(e™?) — j (—e~?) (=22 + 2)dz
= e %(z% — 22) + f e~7(2 — 27)dz

Integrating by parts again,




2 f(2) =e?(c—22) + (2 — 22)(—e~%) — f (—e~?)(=2)dz

= e (2?2 —2z)—e%2(2—2z) + 2e7?

sin at
.Does the

b) Find the Laplace transform of

cosat

Laplace transform of exist? (6)

Solution : Consider f(t) = sinat

LFO) = 5= 6()

Sln at

j P (s)ds

(ee)

“ a .S
= > 2ds: [tan —]
s S“+ta a

T 1S 1S
= ——tan" " — = cot™ " —
2 a a

N

Now consider, f(t) = costat

Lif®] = = ¢(s)

s2 + g2

[COS at

*© 1
j ¢(s)ds = L sz-l-;azds = E[log(s2 + a?)]?

cos at

Since log(s? + a?) is infinite whens — o, L [ ] does not exist.

¢) Obtain half range Fourier cosine series of f(x) = x,0 < x < 2.

Using Parseval's identity ,deduce that —




1 1 1
96 12Tz TmE T ®

nmx
Solution : Letf(x)—a0+2ancos( l ) Here,l = 2.
l 2
1 . d—1x22—1
= 7] rox =g [ xax=3 |7 =
0 0 0

2l nmx 2 (2 nmx
= J, f() cos—=dx == [ "x cos—dx

[ sin(nmx/2) N cos(nmx/2)
nm/2 n?m? /22

0

. _ '2 0 COS N’ 0 1
IR | ( )+n2n2/22_ _n2n2/22]
=Dt =1]
n2m? /22

2
= {—4. 3 if nis odd
={0 if niseven

“ x=1——|—coS— +—cos— + -

8[1 nx 1 3mx
12 2 32 2

By Parseval’s identity

11
Tff(x) [2a0+a1+a2+ ]
0

l\)lr—\

2 2
Lh _1f 2 _1x3 _4
--..s.—2 X x_2 —
o 0

4 1 641 11
S e = |

8 64711 1 1
27 2=ttt

4 [14 54




Q.6.a) Obtain Complex form of Fourier series of
fx)=¢*,-1<x<1. (6)
Solution: Letc=—1andc+ 2l =1

~=1+2l=1

Given, f(x) = e*
c+21

C. = 1 —inx/ld
=t | e

1
1 _
zz_j mx/l dx

N| =

1
j ex—lmrx dx
-1

1
.[ e(l—inn)x dx
-1

1 e(l—inn)x 1
- E[ 1—inx ]
-1
1

1—inx

1 . . (1 + inm)
— X lele™ it _ p—1pl-inm| 5
2(1 = inx) [e ¢ ¢ ¢ ] (1 + inm)

N =

_ % v [e(l—inn) _ e—(l—inn)]

Consider,




e = cosnm +isinnw = (—1)" +i0 = (—1)"

(1 +inm)
" 2(12 — i2n2n?)

X [et(-1)" —e7H(-1)"]

(A +inm)
~ 2(1 4 n2m?)

(—D" x [et—e™']

(A +inm)
-~ 2(1 4 n?m?)

(=)™ x 2sinhl

In Coplex Fourier Series,

. Z -

n=—oo

1+ mnx)

n=—oo

=sinh1l z

lnﬂ.'X/l

sinhl.e

(1+ inmx)

A+nznr) 1"

b) Fit a straight line to the following data, (6)
X 100 120 140 160 180 200
y 0.45 0.55 0.60 0.70 0.80 0.85
Solution :
x y X=x—-150 |Y =y X? XY
100 0.45 -50 0.45 2500 -22.5
120 0.55 -30 0.55 900 -16.5
140 0.60 -10 0.60 100 -6.0
160 0.70 10 0.70 100 7.0
180 0.80 30 0.80 900 24.0
200 0.85 50 0.85 2500 42.5
TOTAL 0 3.95 7000 28.5




Here,n =6
Let the equation of straight linebyY =a+bX - (1)

Subject to,

2Y=an+bZX

% 395=6a+0

-~ a = 0.6853

And, ZXY - aZX+bZX2

~ 285 =0+ 7000b

-~ b =0.004071

~ From (1), the equation of straight line is Y = 0.6583 + 0.00407X
Re — substitute 'X' and 'Y', y = 0.6583 + 0.004071(x — 150)

~y =0.6583 4+ 0.004071x — 0.6107

-~y =0.0476 4+ 0.004071x

- The equation of straight line fitisy = 0.0476 + 0.004071x.

c) Astring is stretched and fastened to two points distance l apart.
Motion is started by displacing the string in form y = asin(nm/l)
fromwhich it isreleased at atimet = 0.If the vibrations of a

%y %y
string is given by Froe c? 2’ show that the displacement of a

point at a distance x from one end at time t is given by

y(x,t) = asin (nTn) cos (nTct> (8)




. L L a0’y 0%y
Solution : The vibration of a string is given by P c 322

- (1)

Since the vibration of a string is periodic the solution of (1)is of the form
y = (¢, cosmx + ¢, sinmx)(c3 cosmct + ¢, sinmct) - (2)

Given initial boundary conditions are :

1) Whenx =0,y =0 forallti.e.one end A of the string remains fixed
throughout the motion : We get, from (2)

0 = (c; + 0)(c3 cosmct + ¢, sinmct) nc; =0

&y = ¢, sinmx(c3 cosmct + ¢, sinmct) - (3)

d
2) NOW'O_}t] = 0 whent = 0 i.e.when initially the string is steady .

from (3 )a—}t] = ¢, sinmx{c;(—mc) sinmct + c,(mc) cos mct}

0
Putting t = O,a—}t] =0, 0=c,sinmx(cymc)

“ cocame = 0.

If ¢, = 0 then (3)will give a trivial solutiony = 0.

vy = 0.

Thus, from (3),we get

Yy = C,C3 Sinmx cos mct

= Cs Sinmx cos mct (Where c,c3 =c5) — (4)

3) Now,y = 0whenx =1 for all ti.e.the other end of the string is
fixed and the length of the string is |,

~ From (4),we get,

~ 0=cgsinmlcosmct - (5)

If cs is zero, (4)will lead us to a trivial solution y = 0,Thus , cs cannot




be zero.Hence, from (5)we get ,sinml = 0.

nm
cml=nmie m= K n=123,.

. nmx  nmuct
Hence, from (4),we get,y = cg sin ;oS

Putting n = 1,2,3 .... the general solution is

= nmx  nmuct
y = Z b,, sin [ cos - (6)
1

!

X
4)Whent =0,y = asin— i.e.initially the string is given the shape of

[

X

the curve y = asin T

~ Whent = 0, from(6),we get

. X . nmx
a smT = b, sin T

~whenn=1,b; = aand whenn =2,3,....,b, =
Hence, the required solution is from (6)

. X mtct
= asimn——cCcoS—-.
y(x,t) l l




