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1. a) Find Laplace transform of ƒ (t) = ∫ 𝒖
𝒕

𝟎
  𝒆−𝟑𝒖 sin u 𝜹𝒖                            (5)                                           

Sol. We have L (𝑠𝑖𝑛𝑢) = 
1

𝑠2+12
      

         ∴  L (u 𝑠𝑖𝑛𝑢) = (-1) 
𝜕

𝜕𝑠
 [

1

𝑠2+ 12
] 

                             = -1 [
(𝑠2+12)(0)−(2𝑠)

(𝑠2+12)2
] 

                             = -1 [
−(2𝑠)

(𝑠2+12)2
] 

                             =  [
(2𝑠)

(𝑠2+12)2
] 

       ∴ L [𝒖  𝒆−𝟑𝒖 𝐬𝐢𝐧 𝐮 𝜹𝒖  ] = [
2(𝑠+3)

((𝑠+3)2+12)2
] 

         ∴ L [∫ 𝒖
𝒕

𝟎
  𝒆−𝟑𝒖 𝐬𝐢𝐧 𝐮 𝜹𝒖    ] =   

2

𝑠
 [

(𝑠+3)

((𝑠+3)2+12)2
] 

 

 

b) Show that the set of functions {cos nx , n = 1,2,3 …} is orthogonal on (0, 

2π).                                                                                                                                (5) 

Sol. We have 𝑓𝑛(x) = cos nx. 

     ∴ ∫ 𝑓𝑚(𝑥) · 𝑓𝑛(𝑥) 𝑑𝑥
2𝜋

0
 = ∫ cos 𝑚𝑥 · cos 𝑛𝑥 𝑑𝑥

2𝜋

0
 

 = 
1

2
 ∫ [cos(𝑚 + 𝑛)𝑥 · cos(𝑚 − 𝑛)𝑥 ] 𝑑𝑥

2𝜋

0
  

                                              = 
1

2
 [

sin(𝑚+𝑛)𝑥

𝑚+𝑛
+

sin (𝑚−𝑛)𝑥

𝑚−𝑛
]

0

2𝜋
  

  ∴ Now , two cases arise . 

Case 1 : When m ≠ n, then  ∫ 𝑓𝑚(𝑥) · 𝑓𝑛 (𝑥) 𝑑𝑥
2𝜋

0
 = 0  



Case 2 : When m = n, then  ∫  𝑓𝑛(𝑥) · 𝑓𝑛(𝑥) 𝑑𝑥
2𝜋

0
 = ∫ 𝑐𝑜𝑠2 𝑛𝑥 𝑑𝑥

2𝜋

0
  

∴  ∫ [ 𝑓𝑛(𝑥)]2 𝑑𝑥
2𝜋

0
  =  ∫ (

1+𝑐𝑜𝑠2𝑛𝑥

2
)  𝑑𝑥

2𝜋

0
 =  

1

2
  [𝑥 + 

𝑠𝑖𝑛2𝑛𝑥

2𝑛
]

0

2𝜋
= π ≠ 0 

Since , ∫ 𝑓𝑚(𝑥) ·  𝑓𝑛(𝑥) 𝑑𝑥
2𝜋

0
{
= 0, 𝑖𝑓 𝑚 ≠ 𝑛
≠ 0, 𝑖𝑓 𝑚 = 𝑛

 

 the given set of functions is orthogonal on [ 0, 2π ]. 

 

 

 c) Does there exist an analytic function whose real part is u = k (1+ cosƟ) ? 

Give justification                                                                                                          (5) 

Sol. Since , u = k (1+ cos 𝜃) 

                    ∴ u = k + k cos 𝜃,  

                    
𝜕𝑢

𝜕𝑟
 = 0 and 

𝜕𝑢

𝜕𝜃
 = - k sin𝜃. 

  But by Cauchy’s Riemann equations in polar co-ordinates . 

    
𝜕𝑢

𝜕𝑟
 =  

1

𝑟

𝜕𝑣

𝜕𝜃
  and 

𝜕𝑢

𝜕𝜃
 = -r 

𝜕𝑣

𝜕𝑟
 

∴    
𝜕𝑣

𝜕𝜃
 = 0 , 

𝜕𝑣

𝜕𝑟
 = −

1

𝑟
 (- k sin𝜃) 

     Integrating the first equation partially w.r.t. 𝜽, 

     v = f(r)  where f(r) is an arbitrary function. 

    (If v = f(r) then  
𝜕𝑉

𝜕𝜃
 = 0) 

∴ 
𝜕𝑣

𝜕𝑟
 = fˈ(r) = 

𝑘 𝑠𝑖𝑛𝜃

𝑟
              ∴ v = k 𝑠𝑖𝑛𝜃 log r + c  

Hence , the analytic function is  

         f(z) = u +iv = k (1+ cos Ɵ) + i k 𝑠𝑖𝑛𝜃 log r + c  

∴ Yes , this type of analytic function whose real part is u = k (1+ cos Ɵ) exist. 

 

d) The equations of lines of regression are x + 6y = 6 and 3x + 2y = 10 .         (5) 

Find (i) means of x and y , (ii) coefficient of correlation between x and y . 



Sol.  Given data   :  x + 6y = 6 ……. (1) 

                                3x + 2y = 10 …….. (2) 

       (i) Adding equation (1) and (2)  , we get  

              x = 3 and y = 0.5 

       (ii)  x + 6y = 6                                              

            Slope 1 = - 
1

6
                                  

             Slope 1 = byx                 

             ∴   - 
1

6
   = byx                      

         3x + 2y = 10  

             Slope 2 = - 
3

2
 

             Slope 2 = 
1

𝑏𝑥𝑦
 

           ∴    bxy = - 
2

3
 

            r = √𝒃𝒙𝒚 𝒃𝒚𝒙 =  √(
−𝟏

𝟔
) . (

−𝟐

𝟑
) = 

−𝟏

𝟑
 . 

       

 

 2.  a) Evaluate  ∫ 𝒆−𝒕∞

𝟎

𝒔𝒊𝒏𝟐𝒕

𝒕
 𝒅𝒕 .                                                                   (6) 

Sol. Step 1 : Comparing with standard formula ∫ 𝒆−𝒔𝒕∞

𝟎
𝒇(𝒕) 𝒅𝒕 . 

             ∴ 𝑠 = 1  &  f(t) = 
𝑠𝑖𝑛2𝑡

𝑡
 

      Step 2 :  L [f(t)] = L [
𝑠𝑖𝑛2𝑡

𝑡
]       

            L [𝑠𝑖𝑛2𝑡] = L [
1−𝑐𝑜𝑠2𝑡

2
] 

                             =  
1

2
  L[1 − 𝑐𝑜𝑠2𝑡] 

                             =  
1

2
  L[

1

𝑠
−

𝑠

𝑠2+22
] 



By Division of t , 

             L [
𝑠𝑖𝑛2𝑡

𝑡
] =  

1

2
 ∫ [

1

𝑠
−

𝑠

𝑠2+22
]

∞

𝑠
𝑑𝑠 

                            =  
1

2
 ∫ [

1

𝑠
−

1

2
×

2𝑠

𝑠2+22
]

∞

𝑠
𝑑𝑠 

                           =  
1

2
 [log 𝑠 −

1

2
 log(𝑠2 + 22)]

𝑠

∞
 

                          =  
1

2
[

1

2
 log(𝑠2 + 22) − log 𝑠] 

Step 3 : Substitute s = 1 

                           = 
1

2
[

1

2
 log(1 + 22) − log 1] 

 = 
1

4
log 5 − 0 

                           = 
1

4
log 5 

∫ 𝒆−𝒕
∞

𝟎

𝒔𝒊𝒏𝟐𝒕

𝒕
 𝒅𝒕 =  

𝟏

𝟒
𝐥𝐨𝐠 𝟓 

 

 

 b) Find the image of the triangle bounded by lines 𝒙 = 𝟎, 𝒚 = 𝟎 ,  𝒙 + 𝒚 = 𝟏 

in the  z – plane under the transformation 𝒘 =  𝒆
𝒊𝝅

𝟒⁄  𝒛 .                              (6) 

Sol.   

  Step 1 : Draw region in z – plane  

                𝒙 = 𝟎, 𝒚 = 𝟎 ,  𝒙 + 𝒚 = 𝟏                                        𝒙 = 𝟎, 𝒚 = 𝟏 ,  (0,1) 

                                                                                                       𝒙 = 𝟏, 𝒚 = 𝟎 ,  (1.0) 

Step 2 :  𝒘 =  𝒆
𝒊𝝅

𝟒⁄  𝒛  

              =  𝒆
𝒊𝝅

𝟒⁄  (𝒙 + 𝒊 𝒚) 

𝒖 + 𝒊𝒗 =  𝒆
𝒊𝝅

𝟒⁄  (𝒙 + 𝒊 𝒚) 

               = 𝒄𝒐𝒔 
𝝅

𝟒
+ 𝒊 𝒔𝒊𝒏 

𝝅

𝟒
  (𝒙 + 𝒊𝒚) 

𝒖 + 𝒊𝒗 =  (𝟏 + 𝒊 )(𝒙 + 𝒊 𝒚) 



𝒖 + 𝒊𝒗 =  𝒙 + 𝒊𝒚 + 𝒊𝒙 − 𝒚 

∴ 𝒖 = 𝒙 − 𝒚 ; 𝒗 = 𝒙 + 𝒚 

 

Step 3 :  𝒖 = 𝒙 − 𝒚 

 𝒙 = 𝟎 ;                                                  𝒖 =  −𝒚, 𝒗 = 𝒚 

𝒙 = 𝟏 ;                                                   𝒖 = 𝟏 − 𝒚 , 𝒗 = 𝟏 + 𝒚  

𝒚 = 𝟎 ;                                                   𝒖 = 𝒙 , 𝒗 = 𝒙 

𝒚 = 𝟏 ;                                                   𝒖 = 𝒙 − 𝟏, 𝒗 = 𝒙 + 𝟏 

 

Now , using these points plot the graph on x and y axis to get the image of 

the triangle bounded by lines. 

 

 

c) Obtain Fourier series of 𝒇(𝒙) = 𝒙𝟐 in (0,2π) . Hence , deduce that  
𝝅𝟐

𝟏𝟐
=  

𝟏

𝟏𝟐
−

 
𝟏

𝟐𝟐
+ 

𝟏

𝟑𝟐
− 

𝟏

𝟒𝟐
+ ·····                                                                                                      (8) 

Sol .  Let 𝒙𝟐 = 𝒂𝟎 + ∑ 𝒂𝒏 𝒄𝒐𝒔 ∞
𝒏=𝟏 𝒏𝒙 + ∑ 𝒃𝒏 𝐬𝐢𝐧 𝒏𝒙  𝒊𝒏 (𝟎, 𝟐𝝅)∞

𝒏=𝟏                     

       Then , 𝑎0 =  
1

2𝜋
∫ 𝑓(𝑥)𝑑𝑥 

2𝜋

0
 

                        =  
1

2𝜋
∫ 𝑥2𝑑𝑥 

2𝜋

0
 

                        =  
1

2𝜋
[

𝑥3

3
]

0

2𝜋

 

                         = 
4𝜋2

3
     

                𝑎𝑛 =  
1

𝜋
∫ 𝑓(𝑥) cos 𝑛𝑥 𝑑𝑥 

2𝜋

0
         

                         = 
1

𝜋
∫ 𝑥2 cos 𝑛𝑥 𝑑𝑥 

2𝜋

0
 

(By the generalised rule of integration by parts) 

                   𝑎𝑛 =  
1

𝜋
[𝑥2  (

sin 𝑛𝑥

𝑛
) − 2𝑥  (−

cos 𝑛𝑥

𝑛2 ) + 2 (−
sin 𝑛𝑥

𝑛3 )]
0

2𝜋
 



                         =  
1

𝜋
[

4𝜋

𝑛2
]  

                          =  
4

𝑛2
 

                     𝑏𝑛 =  
1

𝜋
∫ 𝑓(𝑥) sin 𝑛𝑥 𝑑𝑥 

2𝜋

0
 

                           =  
1

𝜋
[𝑥2  (−

cos 𝑛𝑥

𝑛
) − 2𝑥  (−

sin 𝑛𝑥

𝑛2 ) + 2 (
cos 𝑛𝑥

𝑛3 )]
0

2𝜋
 

                           =  
1

𝜋
[{−

4𝜋2

𝑛
+ 

2

𝑛3
} − {

2

𝑛3
}]       

                            =  
4𝜋

𝑛
  

Putting these values in (1), 

    𝑥2 =  
4𝜋2

3
+ 4 ∑  

1

𝑛2
cos 𝑛𝑥 − 4𝜋 ∑  

1

𝑛
sin 𝑛𝑥∞

𝑛=1  ∞
𝑛=1  

∴  𝑥2 =  
4𝜋2

3
+ 4 [

𝑐𝑜𝑠𝑥

12
+

𝑐𝑜𝑠2𝑥

22
+

𝑐𝑜𝑠3𝑥

32
+·····]

− 4𝜋 [
𝑠𝑖𝑛𝑥

1
+

𝑠𝑖𝑛2𝑥

2
+

𝑠𝑖𝑛3𝑥

3
+·····] 

Now put x = π , 

             ∴ 𝜋2 =  
4𝜋2

3
+ 4 [−

1

12
+

1

22
−

1

32
+

1

42
−·····] 

                        −
𝜋2

3
= −4 [

1

12
−

1

22
+

1

32
−

1

42
+·····] 

                    ∴ 
𝜋2

12
= [

1

12
−

1

22
+

1

32
−

1

42
+·····] 

Now , the given function , y = 𝒙𝟐 is parabola with vertex at the origin and 

opening upwards . Further when x = 0, y = 0 and when x = 2π , y = 𝟒𝝅𝟐. 

 

        

3. a) Find the inverse Laplace transform of 𝒇(𝒔)= 
𝒔

(𝒔𝟐+𝟒)𝟐
                       (6) 

Sol.   Step 1 :  

      Let 𝑓(𝑠)= 𝑓1(𝑠)  ·  𝑓2(𝑠) 

  ∴  𝑓1(𝑠) = 
𝑠

𝑠2+22
   ,    𝑓2(𝑠)= 

1

𝑠2+22
 



 Step 2 : 

𝐿−1[𝑓1(𝑠)] =  
𝑠

𝑠2+22
 = cos 2𝑡 →  𝑓1(𝑡) 

 𝐿−2[𝑓2(𝑠)] =  
1

𝑠2+22
  = 

sin 2𝑡

2
 →  𝑓2(𝑡) 

Step 3 :  

              𝑓1(𝑢) = cos 2𝑢 

             𝑓2(𝑡 − 𝑢) =
1

2
sin 2(𝑡 − 𝑢) 

Step 4 :  

          ∫   𝑓1(𝑢) · 
𝑡

0
𝑓2(𝑡 − 𝑢) 𝑑𝑢 

         = 
1

2
 ∫  cos 2𝑢 ·  sin(2𝑡 − 2𝑢)  

𝑡

0
𝑑𝑢 

         = 
1

2·2
 ∫  2 cos 2𝑢 ·  sin(2𝑡 − 2𝑢)  

𝑡

0
𝑑𝑢 

         = 
1

4
 ∫  sin 2𝑡 − sin(4𝑢 − 2𝑡)  

𝑡

0
𝑑𝑢 

         = 
1

4
 [sin 2𝑡 · 𝑢 +

𝑐𝑜𝑠(4𝑢−2𝑡)

4
]

0

𝑡
 

         = 
1

4
[(t sin 2𝑡 +

cos(2𝑡)

4
) − (0 +

cos(−2𝑡)

4
)] 

         = 
𝑡𝑠𝑖𝑛2𝑡

4
 

𝐿−1 [
𝑠

(𝑠2+4)2
 ] =  

𝑡𝑠𝑖𝑛2𝑡

4
  

 

 

b) Solve  
𝝏𝟐𝒖

𝝏𝒙𝟐
− 𝟏𝟎𝟎 

𝝏𝒖

𝝏𝒕
= 𝟎 , with 𝒖(𝟎, 𝒕) = 𝟎 , 𝒖(𝟏, 𝒕) = 𝟎 , 𝒖(𝒙, 𝟎) = 𝒙 (𝟏 −

𝒙) taking h=0.1 for three time steps up to t = 1.5 by Bender – Schmidt 

method.                                                                                                                        (6) 

Sol.  
𝜕2𝑢

𝜕𝑥2
− 100 

𝜕𝑢

𝜕𝑡
= 0 

        𝑢(0, 𝑡) = 0 

        𝑢(1, 𝑡) = 0 



        𝑢(𝑥, 0) = 𝑥 (1 − 𝑥) 

       h = 0.1 & t = 1.5 

    𝑘 =
𝑎ℎ2

2
  =

100(0.1)2

2
 = 0.5 

    𝒙 →  
                
𝒕 
↓       
 

 
 
0 

 
 
0.1 

 
 
0.2 
 

 
 
0.3 

 
 
0.4 

 
 
0.5 

 
 
0.6 

 
 
0.7 

 
 
0.8 

 
 
0.9 

 
 
1 
 

0            
 

0 
 

0.09 0.16 0.21 0.24 0.25 0.24 0.21 0.16 0.09 0 

0.5 
 

0 
 

0.08 0.15 0.2 0.23 0.24 0.23 0.2 0.15 0.08 0 

1 
 

0 0.075 0.14 0.19 0.22 0.23 0.22 0.19 0.14 0.075 0 

1.5               
 

0 0.07 0.1325 0.18 0.21 0.22 0.21 0.18 0.1325 0.07 0 

 

 

 

 

c)  Using Residue theorem , evaluate                                                                  (8) 

(i) ∫
𝒅𝜽

𝟓−𝟒𝒄𝒐𝒔𝜽

𝟐𝝅

𝟎
 

Sol. Now , put z = 𝑒𝑖𝜃 

∴ 𝑑𝑧 = 𝑖 𝑒𝑖𝜃· 𝑑𝜃 

∴ 𝑑𝑧 = 𝑖 z 𝑑𝜃  

∴ 𝑑𝜃 = 
𝑑𝑧

𝑖𝑧
 

And cos𝜃 =  
𝑒𝑖𝜃+𝑒−𝑖𝜃

2
  = 

𝑧+(1/𝑧)

2
 = 

𝑧2+1

2𝑧
 



∴  ∫
𝑑𝜃

5 − 4𝑐𝑜𝑠𝜃

2𝜋

0

=  ∫
1

5 − 4 (
𝑧2 + 1

2𝑧 )
·

𝐶

𝑑𝑧

𝑖𝑧
 

∴  ∫
𝑑𝜃

5 − 4𝑐𝑜𝑠𝜃

2𝜋

0

=  ∫
2𝑧

2(−2𝑧2 + 5𝑧 − 2)
·

𝐶

𝑑𝑧

𝑖𝑧
 

                                   =  − ∫
1

(2𝑧2 + 5𝑧 − 2)
·

𝐶

𝑑𝑧

𝑖
  

Now the poles are given by 𝟐𝒛𝟐 + 𝟓𝒛 − 𝟐 = 0  

    ∴ (2𝑧 − 1)(𝑧 − 2) = 0 

    ∴ 𝑧 =
1

2
𝑎𝑛𝑑 𝑧 = 2 . 

The pole 𝒛 =
𝟏

𝟐
 lies inside the unit circle and 𝒛 = 𝟐 lies outside it . 

Now , Residue of f(z) (at z= 1/2) = lim
𝑧→

1

2

(𝑧 −
1

2
) · 

(−1)

𝑖·2[𝑧−(1/2)](𝑧−2)
 

= lim
𝑧→

1

2

   
(−1)

𝑖·2[(
1

2
−2)]

  

 = 
1

3𝑖
 

∴  ∫
𝑑𝜃

5 − 4𝑐𝑜𝑠𝜃

2𝜋

0

= 2𝜋𝑖 (
1

3𝑖
) =  

2𝜋

3
 

Real part of residue =  
𝟐𝝅

𝟑
  

 

(ii) ∫
𝒅𝒙

(𝒙𝟐+𝟏)𝟐

∞

−∞
  

Sol. 1) Region lies in upper half of circle . 

2) Replace x by z  

3) Poles :   (𝒙𝟐 + 𝟏)𝟐 = 𝟎 

 



 

                   (𝑧2 + 1)2 = 0 

                   (𝑧2 − 𝑖2)2 = 0 

                   [(𝑧 + 𝑖)(𝑧 − 𝑖)]2 = 0 

                (𝑧 + 𝑖)2 = 0  ; (𝑧 − 𝑖)2 = 0  

                𝑧 =  −𝑖 , −𝑖    ;      𝑧 = 𝑖 , 𝑖  

4)  Residue 𝑓(𝑧) =  
1

(𝑛−1)!
 lim
𝑧→𝑧0

𝑑𝑛−1

𝑑𝑧𝑛−1
 𝑓(𝑧 − 𝑧0)2 (𝑧 − 𝑧0) 

                              =
1

1!
 lim

𝑧→𝑖
  

𝑑

𝑑𝑧
  (𝑧 − 𝑖)2  

1

(𝑧+𝑖)2(𝑧−𝑖)2 
 

                                       = lim
𝑧→𝑖

  
𝑑

𝑑𝑧
  (𝑧 + 𝑖)−2  

                                       =  −2(𝑧 + 𝑖)−3 

 =  
−2

(𝑧+𝑖)3 
 

                                = 
−2

(𝑧+𝑖)3 
 

                                = 
−2

(𝑖+𝑖)3 
 

                               = 
−2

(2𝑖)3 
 

                                = 
−2

−8𝑖
 

         ∫
𝒅𝒙

(𝒙𝟐+𝟏)𝟐

∞

−∞
  = 

𝟐

𝟖𝒊
 . 

 

 

 

 

4. a)  Solve by Crank – Nicholson simplified formula 
𝝏𝟐𝒖

𝝏𝒙𝟐
−

𝝏𝒖

𝝏𝒕
= 𝟎. 

𝒖(𝟎, 𝒕) = 𝟎 , 𝒖(𝟓, 𝒕) = 𝟏𝟎𝟎 , 𝒖(𝒙, 𝟎) = 𝟐𝟎 taking h = 1 for one time step.  (6) 



Sol.  
𝜕2𝑢

𝜕𝑥2
−

𝜕𝑢

𝜕𝑡
= 0. 

      𝑢(0, 𝑡) = 0 

    𝑢(5, 𝑡) = 100 

    𝑢(𝑥, 0) = 20 

∴ Taking h = 1 for one time step, 

∴ a = 1 & h = 1 

𝒌 = 𝒂𝒉𝟐 = 1. 

             𝒙 
𝒕 
 

0 1 2 3 4 5 

0 
 

0 20 20 20 20 100 

1 
 

0 9.80 2.19 30.72 59.92 100 

 

 

 

b)  Obtain the Taylor’s and Laurent’s series which represent the function 

𝒇 (𝒛) =  
𝒛−𝟏

𝒛𝟐−𝟐𝒛−𝟑
  in the regions                                                                              (6) 

i) |𝒛| < 𝟏 

ii) 𝟏 < |𝒛| < 𝟑 

Sol. Let  𝑓(𝑧) =  
𝑧−1

𝑧2−2𝑧−3
  = =  

𝑎

𝑧+1
 + 

𝑏

𝑧−3
  

      ∴ 𝑧 − 1 = 𝑎(𝑧 − 3) + 𝑏(𝑧 + 1) 

Putting 𝒛 = −𝟏,   -2 = -4a   ∴ 𝑎 =
1

2
 

Putting 𝒛 = 𝟑,       2 = b ∙4   ∴ 𝑏 =
1

2
 

∴  
𝑧−1

𝑧2−2𝑧−3
  =  

1/2

𝑧+1
 + 

1/2

𝑧−3
  

Hence , 𝒇 (𝒛) is not analytic at  𝒛 = −𝟏 and 𝒛 = 𝟑. 



      ∴  𝑓 (𝑧) is analytic in i) |𝑧| < 1  ii) 1 < |𝑧| < 3 

(i) 𝑓(𝑧)  =  
1/2

𝑧+1
 + 

1/2

𝑧−3
   =  

1/2

1+𝑧
 + 

1/2

(−3)
 ∙  

1

1−(
𝑧

3
)
 

               =  
1

2
∙ [1 + 𝑧]−1 −

1

6
(1 −

𝑧

3
)

−1
  

               =  
1

2
∙ [1 − 𝑧 + 𝑧2 − 𝑧3 + … ] −

1

6
[1 +

𝑧

3
+

𝑧2

9
+ … ] 

              =  
1

3
−

5

9
𝑧 +

13

27
𝑧2 + … 

This is the required Taylor’s Series. 

(ii) When 1 < |𝑧| < 3 , we get |
1

𝑧
| < 1 and |

𝑧

3
| < 1. 

      ∴  𝑓 (𝑧) =  
1

2
 ∙  

1

1+𝑧
+

1

2
 ∙  

1

𝑧−3
  

                     =  
1

2𝑧
 ∙  

1

1+(
1

𝑧
)

+
1

2
 ∙  

1

(−3)
 ∙  

1

1−(
𝑧

3
)
  

                     =  
1

2𝑧
 [1 +

1

𝑧
]

−1
−

1

6
[1 −

𝑧

3
]

−1
 

                      =  
1

2𝑧
∙ [1 −

1

𝑧
+

1

𝑧

2
−

1

𝑧

3
+ … ] −

1

6
[1 +

𝑧

3
+

𝑧2

9
+ … ] 

                      =  
1

2
∙ [

1

𝑧
−

1

𝑧2
+

1

𝑧3
− … ] −

1

6
[1 +

𝑧

3
+

𝑧2

9
+ … ] 

This is the required Laurent’s Series. 

 

 

c)  Solve (𝑫𝟐 + 𝟒𝑫 + 𝟖)𝒚 = 𝟏 with 𝒚(𝟎) = 𝟎 and 𝒚′(𝟎) = 𝟏, 

 where 𝑫 ≡  
𝒅

𝒅𝒕
                                                                                                         (8) 

Sol. Let �̅� be the Laplace Transform of 𝑦 i.e. let L(y) =  �̅�. 

      Taking Laplace transform of the both sides , 

             L(y’’)  + 4L(y’) + 8L(y) = L(1) 

Now  L(y’) = s�̅� - y(0) = s�̅� 

          L(y’’) = 𝑠2�̅� − 𝑠𝑦(0) − 𝑦′(0) =  𝑠2�̅� − 1 and  L(1) = 
1

𝑠
 



∴ The equation (1) becomes   

𝑠2�̅� − 1 + 4𝑠 �̅� + 8 �̅�  =  
1

𝑠
 

�̅�(𝑠2 + 4𝑠 + 8) =  
1

𝑠
+ 1 =  

𝑠 + 1

𝑠
 

�̅� =  
𝑠 + 1

𝑠(𝑠2 + 4𝑠 + 8)
 

∴ 𝑦 =  𝐿 −1(�̅�) =  𝐿 −1  
𝑠 + 1

𝑠(𝑠2 + 4𝑠 + 8)
 

We obtain the 𝑳 −𝟏 by the partial fractions  

∴  𝑦 =  𝐿 −1 [
1

8
∙

1

𝑠
−

1

8
∙  

𝑠

𝑠2+4𝑠+8
+

1

2
∙

1

𝑠2+4𝑠+8
] 

        =
1

8
 𝐿 −1 (

1

𝑠
) −

1

8
 𝐿 −1 (𝑠+2)−2

(𝑠+2)2+22
+

1

2
 𝐿 −1 1

(𝑠+2)2+22
  

        =
1

8
 ∙ 1 −

1

8
 𝑒−2𝑡 𝐿 −1 𝑠

(𝑠)2+22
+

6

8
 𝑒−2𝑡 𝐿 −1 𝑠

(𝑠)2+22
 

∴  𝑦 =
1

8
−

1

8
 𝑒−2𝑡𝑐𝑜𝑠2𝑡 +

3

8
 𝑒−2𝑡 𝑠𝑖𝑛2𝑡. 

 

 

5 . a) Find an analytic function 𝒇(𝒛) = 𝒖 + 𝒊𝒗, if  

      𝒖 =  𝒆−𝒙{(𝒙𝟐 − 𝒚𝟐) 𝐜𝐨𝐬 𝒚 + 𝟐𝒙𝒚 𝒔𝒊𝒏𝒚}                                       (6) 

Sol.  𝑓(𝑧) = 𝑢 + 𝑖𝑣 

        𝑢 =  𝑒−𝑥{(𝑥2 − 𝑦2) cos 𝑦 + 2𝑥𝑦 𝑠𝑖𝑛𝑦} 

1) 𝑢 =  𝑒−𝑥(𝑥2 − 𝑦2) cos 𝑦 + 𝑒−𝑥  2𝑥𝑦 𝑠𝑖𝑛𝑦 

𝑢𝑥 = 𝑐𝑜𝑠𝑦 [𝑒−𝑥(2𝑥) + (𝑥2 − 𝑦2)𝑒−𝑥] + 𝑠𝑖𝑛𝑦 (𝑒−𝑥(2𝑦) + 2𝑥𝑦 𝑒−𝑥) 

𝑢𝑦 =  𝑒−𝑥 [(𝑥2 − 𝑦2)(−𝑠𝑖𝑛𝑦) − 𝑐𝑜𝑠𝑦(−2𝑦)] +  𝑒−𝑥 [2𝑥𝑦 𝑐𝑜𝑠𝑦 −

𝑠𝑖𝑛𝑦 2𝑥]. 

2) 𝑓′(𝑧) =  𝑢𝑥 − 𝑢𝑦 

           = [2𝑥𝑒−𝑥𝑐𝑜𝑠𝑦 + 𝑒−𝑥𝑐𝑜𝑠𝑦(𝑥2 − 𝑦2) + 2𝑦𝑒−𝑥 𝑠𝑖𝑛𝑦 +

               2𝑥𝑦𝑒−𝑥 𝑠𝑖𝑛𝑦] − 𝑖[−𝑒−𝑥(𝑥2 − 𝑦2)𝑠𝑖𝑛𝑦 + 2𝑦 𝑐𝑜𝑠𝑦 +

               2𝑥𝑦𝑒−𝑥 𝑐𝑜𝑠𝑦 − 2𝑥𝑒−𝑥𝑠𝑖𝑛𝑦]  

 



𝑥 = 𝑧; 𝑦 = 0 

3) 𝑓′(𝑧) = (2𝑧𝑒−𝑧 + 𝑒−𝑧𝑧2) 

𝑓(𝑧) = 2 [
𝑧𝑒−𝑧

(−1)
−

𝑒−𝑧

(−1)2
] +

𝑧2𝑒−𝑧

(−1)
−

2𝑧𝑒−𝑧

(−1)2
+

2𝑒−𝑧

(−1)3
 

          

          =  −4𝑧𝑒−𝑧 − 3𝑒−𝑧 − 𝑧2𝑒−𝑧 

 

 

b) Find the Laplace Transform of                                                               (6) 

 𝒇(𝒕) =  {
𝒕,   𝟎 < 𝒕 < 𝟏
𝟎, 𝟏 < 𝒕 < 𝟐

   and 𝒇(𝒕 + 𝟐) = 𝒇(𝒕) for t > 𝟎. 

Sol.  𝑓(𝑡) is periodic & t = 2 

𝐿[𝑓(𝑡)] =  
1

1 − 𝑒−2𝑠
∫ 𝑒−𝑠𝑡𝑓(𝑡)𝑑𝑡

2

0

 

               =  
1

1 − 𝑒−2𝑠
[∫ 𝑒−𝑠𝑡𝑡𝑑𝑡

1

0

+ ∫ 𝑒−𝑠𝑡(0)𝑑𝑡
2

1

] 

               =  
1

1 − 𝑒−2𝑠
∫ 𝑒−𝑠𝑡𝑡𝑑𝑡

1

0

 

               =  
1

1−𝑒−2𝑠
 [𝑡

𝑒−𝑠𝑡

−𝑠
− 1 ∙

𝑒−𝑠𝑡

(−𝑠)2
]

0

1

 

                =  
1

1 − 𝑒−2𝑠
[(

𝑒−𝑠

−𝑠
−

𝑒−𝑠

(𝑠)2
) − (0 −

1

𝑠2
)] 

                =  
1

1 − 𝑒−2𝑠
[(

𝑒−𝑠

−𝑠
−

𝑒−𝑠

(𝑠)2
) +

1

𝑠2
] 

             

 

c)  Obtain half range Fourier cosine series of 𝒇(𝒙) = x,0 < 𝒙 < 𝟐. Using     (8)         

Parseval’s identity , deduce that – 

                                    
𝝅𝟒

𝟗𝟔
=

𝟏

𝟏𝟒
+

𝟏

𝟑𝟒
+

𝟏

𝟓𝟒
+ ⋯ 

Sol. Let of 𝑓(𝑥) = 𝒂𝟎 + ∑ 𝒂𝒏 𝒄𝒐𝒔 ∞
𝒏=𝟏 (

𝒏𝝅𝒙

𝒍
). 



Here , 𝒍 = 𝟐. 

∴  𝑎0 =  
1

𝑙
 ∫ 𝑓(𝑥)𝑑𝑥 =  

1

2
∫ 𝑥 𝑑𝑥 =  

1

2
[
𝑥2

2
]

0

2

= 1
2

0

𝑙

0

 

           =  
2

𝑙
 ∫ 𝑓(𝑥)𝒄𝒐𝒔 (

𝒏𝝅𝒙

𝒍
)  𝑑𝑥 =  

2

2
∫ 𝑥 𝒄𝒐𝒔 (

𝒏𝝅𝒙

𝒍
)  𝑑𝑥

2

0

𝑙

0
 

           =  [𝑥 
𝑠𝑖𝑛(

𝑛𝜋𝑥

2
)

𝑛𝜋

2

+
𝑐𝑜𝑠(

𝑛𝜋𝑥

2
)

𝑛2𝜋2

22

∙ 1]

0

2

 

∴  𝑎0 =  [ 2 ∙ (0) +
𝑐𝑜𝑠(𝑛𝜋𝑥)

𝑛2𝜋2

22

− 0 −
1

𝑛2𝜋2

22

∙]  =  
[(−1)𝑛−1]

𝑛2𝜋2

22

 

          = {
−4 ∙

2

𝑛2𝜋2

0
            if n is odd 

                                             if n is even 

∴ 𝑥 = 1 −
8

𝜋2
[

1

12
cos

𝜋𝑥

2
+

1

32
𝑐𝑜𝑠

3𝜋𝑥

2
+ ⋯] 

    

BY Parseval’s identity , 

1

𝑙
 ∫ [𝑓(𝑥)]2𝑑𝑥 =  

1

2
[2𝑎0

2 + 𝑎1
2 + 𝑎2

2 + ⋯ ]
𝑙

0

 

∴ 𝐿. 𝐻. 𝑆 =  ∫ 𝑥2𝑑𝑥
2

0
 
1

2
[

𝑥3

3
]

0

2

=
4

3
 

∴  
4

3
 =  

1

2
[2 +

64

𝜋4
{

1

14
+

1

34
+

1

54
+ ⋯ }] 

8

3
− 2 =  

64

𝜋4
{

1

14
+

1

34
+

1

54
+ ⋯ } 

𝝅𝟒

𝟗𝟔
=

𝟏

𝟏𝟒
+

𝟏

𝟑𝟒
+

𝟏

𝟓𝟒
+ ⋯ 

Hence proved , 

 

 



 

 

6. a) If 𝒇(𝒂) = ∫
𝟒𝒛𝟐+𝒛+𝟒

𝒛−𝒂𝒄
 𝒅𝒛 where C is the ellipse 4𝒙𝟐 + 𝟗𝒚𝟐 = 𝟑𝟔.      (6) 

Find i) 𝒇(𝟒) 

ii) 𝒇′(−1) 

iii) 𝒇′′(−𝒊) 

Sol.        ∴ 4𝑥2 + 9𝑦2 = 36. 

               
𝑥2

32
+ 

𝑦2

22
= 1 

       𝑓(𝑎) = ∫
4𝑧2+𝑧+4

𝑧−𝑎𝑐
 𝑑𝑧 = 2𝜋𝑖∅(𝑧0) 

i)     𝑧0 = 4 

      ∅(𝑧) = 4𝑧2 + 𝑧 + 4 

      ∅(𝑧0) =  ∅(4) = 4(4)2 + 4 + 4 = 72 

𝑓(4) =  2𝜋𝑖∅(4) =  2𝜋𝑖 × 72 = 144𝜋𝑖  

                      

 ii)   ∅′(𝑧) = 8𝑧 + 1  

        ∅′(−1) = 8(−1) + 1 = −7 

       𝑓′(−1) = 2𝜋𝑖∅′(−1) =  2𝜋𝑖(−7) =  −14𝜋𝑖  

 

iii)   ∅′′(𝑧) = 8 

       ∴  ∅′′(𝑖) = 8 

   𝑓′′(𝑖) = 2𝜋𝑖∅′′(𝑖) =  2𝜋𝑖(8) =  16𝜋𝑖 

 

 

 

 



b) Use least square regression to fit a straight line to the following data,     (6) 

X  5 10 15 20 25 30 35 40 45 50 

Y 17 24 31 33 37 37 40 40 42 41 

Sol.  

 X Y xy 𝑥2 
5 17 85 25 
10 24 240 100 

15 31 465 225 

20 33 660 400 
25 37 925 625 

30 37 1110 900 
35 40 1400 1225 

40 40 1600 1600 
45 42 1890 2025 

50 41 2050 2500 

275 342 10425 9625 
 

∑ 𝑦 = 𝑛 𝑎 + 𝑏 ∑ 𝑥 

∑ 𝑥𝑦 = 𝑎 ∑ 𝑥 + 𝑏 ∑ 𝑥2 

 Substituting the values , 

    342 =  10 a   + 275 b 

10425 = 275 a + 9625 b 

∴ 𝑎 = 20.6 & 𝑏 = 0.495 

General equation for the straight line , 

 y = a + b x = 20.6 + 0.495 x  

 

 

6 .c) A string is stretched and fastened to two points distance 𝒍 apart. Motion 

is started by displacing the string in the form 𝒚 = 𝒂𝒔𝒊𝒏 (
𝝅𝒙

𝒍
) from which it is 



released at time t = 0. If the vibration of a string is given by 
𝝏𝟐𝒚

𝝏𝒕𝟐
= 𝒄𝟐 𝝏𝟐𝒚

𝝏𝒙𝟐
 ,            

show that the displacement of a point at a distance x from one end at time t 

is given by 𝒚(𝒙,𝒕) = 𝒂𝒔𝒊𝒏 (
𝝅𝒙

𝒍
) 𝒄𝒐𝒔 (

𝝅𝒄𝒕

𝒍
) .                                                            (8) 

Sol. The vibration of a string is given by 
𝜕2𝑦

𝜕𝑡2
= 𝑐2 𝜕2𝑦

𝜕𝑥2
                 ………..(1) 

 Since the vibration of a string is periodic the solutions of (1) is of the form  

𝑦 = (𝑐1𝑐𝑜𝑠 𝑚𝑥 + 𝑐2𝑠𝑖𝑛 𝑚𝑥 )(𝑐3𝑐𝑜𝑠 𝑚𝑐𝑡 +  𝑐4 𝑠𝑖𝑛 𝑚𝑐𝑡)          …………(2) 

Given initial boundary condition are :  

(i) When x = 0, y = 0 for all t i.e. one end A of the string remains fixed 

throughout the motion : We get , from (2) 

         0 = (𝑐1 +  0 )(𝑐3𝑐𝑜𝑠 𝑚𝑐𝑡 + 𝑐4 𝑠𝑖𝑛 𝑚𝑐𝑡)            ∴  𝑐1 = 0 

∴  𝑦 = 𝑐2𝑠𝑖𝑛 𝑚𝑥 (𝑐3𝑐𝑜𝑠 𝑚𝑐𝑡 + 𝑐4 𝑠𝑖𝑛 𝑚𝑐𝑡) 

(ii) Now , 
𝜕𝑦

𝜕𝑡
= 0 when t = 0 i.e. when initially the string is steady                

( initially velocity is zero)  

     From (3) 
𝜕𝑦

𝜕𝑡
 = 𝑐2𝑠𝑖𝑛 𝑚𝑥 (𝑐3(−𝑚𝑐)𝑠𝑖𝑛 𝑚𝑐𝑡 + 𝑐4(𝑚𝑐) 𝑐𝑜𝑠 𝑚𝑐𝑡) 

Putting t = 0 , 
𝜕𝑦

𝜕𝑡
= 0 ,  

∴  0 = 𝑐2𝑠𝑖𝑛 𝑚𝑥 (𝑐4 𝑚𝑐) 

∴  𝑐2𝑐4 𝑚𝑐 = 0 . 

If 𝑐2 = 0 then (3) will give a trivial solution y=0 

Thus from (3), we get 

 y = 𝑐2𝑐3𝑠𝑖𝑛 𝑚𝑥 𝑐𝑜𝑠 𝑚𝑐𝑡 

    = 𝑐5𝑠𝑖𝑛 𝑚𝑥 𝑐𝑜𝑠 𝑚𝑐𝑡                (where  𝑐2𝑐3 = 𝑐5)     ………………..(4) 

(iii) Now y = 0 when x = 𝑙 for all t i.e. the other end of the string is fixed 

and the length of the string is 𝑙, 

∴ From (4), we get , 

∴  0 = 𝑐5𝑠𝑖𝑛 𝑚𝑥 𝑐𝑜𝑠 𝑚𝑐𝑡                                                 ………………….(5) 

 


