M3 SOLUTION OF QUESTION PAPER

(CBCGS DEC 2017)

Q.1] a) Find Laplace transform off(t) = te™3tsint. (5)

Solution:

1

L[sint] = 52+—12

~ L[t.sint] = (_1)1(%( : )

s\s?2+1
-1
=—1><(52+1)2x25
_ 2S
~ (s2+1)2
2(s+ 3)

~ L[te 3tsint] = > (First shifting Method)

[(s +3)% + 1]

2(s+3)
[s2 + 65 +9+ 1]

_ 2(s+3)
(524 65+ 10)2

2(s+3)

~ L[te 3tsint] = T+ 651 9)2

b) Obtain Complex form of Fourier series of f(x) = e*,—-1 <x < 1in
(-1,1). (5)

Solution:




let c=—1andc+2l=1

~=1+4+2l=1

Given, f(x) = e*
c+21

. .
anz_zj foe " dx
C
1

=L jex e/ dx

-1

1
1 .
=§ fex—lnﬂx dx
-1

21 1—-inx

1 1 ; j
= x e(1=inm) _ g=(i=inm)

2 1—-inx [ ]

1 _ _ (1 + inm)

=——  xlele inm _p-lpl-inm| > 7

2(1 — inx) [ee etet ] (1 + inm)
Consider,

eiinTE = cosnm +isinnm = (—1)”’ +i0 = (_l)n

(A +inm)
" 2(12 - i?n?n?)

x [e' (1" — e (—=1)"]

(A +inm) 1y
= 2@y DX

[el—e™1]




_ (+inm)
~ A(1+n2n2)

(=1)" x £ sin h1

In Complex Fourier series,

f(x)= i Cneinﬂx/1

n=—oo
(1 + inmx) inTx
. X = S inhl.e ™M
e pa 4+ n2nd) sin
1+ innx i
~ e* =sinhl Z El n 2712; (—1)™ e

c) Does there exist an analytic function whose real part is
u = k(1 + cos 0)?Give justification. (5)

Solution:

u = k(1 + cosb)

u
r',—=0 - (1)

Dif ferentiating partially w.r.t. pm

0%u
Again, dif ferentiating partially w.r.t." r' 57z = 0 - (2)

Similarly, dif ferentiating "u'partially w.r.t.' 6,

(0 —sin@) = —k sino
Fr i (0 —sinf) = sin
0%u
Again, dif ferentiating partially w.r.t.' 0',— 5397 = —kcos8 — (3)
Consider Laplace’s equation in polar form

0’u 10u 1 90%u

a2 ror Tr2aer T




= 0+%.(0) +ri2.—kc059 (From 1,2 and 3)

—k
= r—zcos 7]

+0
~"u'does not satisfies Laplace's equation.

~ "u'is not harmonic.

So,u is not a part of analytic function f(z) = u + iv.

Hence, there does not exist an analytic function whose real part is
u = k(1 + cos0).

d) The equations of lines are of regression are 3x + 2y = 26 and
6x + y = 31. Find 1) means of x and y, 2) coefficient of correlation
between x and y. (5)

Solution:

3x+ 2y =126

3,26 W
Yy =—— — >
y=m3xXT5

And,6x +y = 31

Ly=—6x+31 - (2)

3
Let b; = —3 and b, = —6

— 1 -1
Since |b1| < |b2|, byx = b1 = 7 and bxy = b_ = ? - (3)
2

~ Equation (1)is regression equation of Y on X type and equation (2)is

regression equation of X onY type.




From (1)and (2), —%x + 13 =—-6x+ 31

3
6x—§x=31—13

Substituting x = 4in (2),y = —6(4) + 31

Now,r = + ’byx.bxy

3 —
\/— — (From 3)
2
1
2

Il
-+

Il
-+

Since, byx and bxy are both negative, 'r'is negative.
r=-—1/2

o.
— Yy
Now, by, =r—=

Meansof xandy, x=4;y=17

Coefficient of Correlation (r) betweenxandy = 0.5 o, =9

Q. 2] a) Evaluate fow e' sin2t cos3tdt. (6)




Solution:

1
Conider, L[cos 3t sin 2t] = EL[Z cos 3t sin 2t]
1
=3 L[sin(3t + 2t) — sin(3t — 2t)]

1
~ L[sin 2t.cos 3t] = > {L[sin 5t] — L[sint]}

fe‘“s'nZtcosStdt 1{ > 1 }

o 1 = — —_

2(s2+52 s2+12

0

Puts =-1

f t sin 2t 3tdt—1{ > a }
v e A Tl DE + 25 (—1)7 +1
0

w _2
t sin 2t 3tdt = —
je Sin COS 13
0

b) Find the image of the square bonded by lines
x=0,x=2,y=0,y =2, in the z-plane under the transformation
w=>A+iz+ (2 —-i). (6)
Solution:

Consider,w = (1+i)z+ (2 —1)
cutiv=>0A+Dx+iy)+2—i),(weputw=u+ivand z = x + iy)
cutiv=x+ily+ix+iy+2-—i

cutiv=GC—-—y+2)+ilx+y—1)




Comparing real and imaginary part on both sides,u = x—y + 2 -
(1)

andv=x+y—1 - (2)

Adding (1)and 2),u+v=2x+1- (3)

Subtract 2)from (1), u —v=-2y+3 - (4)

Now,when x = 0, (wWhich is Y — axis in Z — plane)

From (3),u + v = 1 (which is a line having slope = —1 in W — plane)
When x = 2, (which is line parallel to Y — axis in Z — plane)

From 3),u+v=22)+1

~u+ v =>5(whichis aline having slope = —1 in W — plane)

When y = 0, (which is X — axis in Z — plane)

From (4),u — v = 3 (which is a line having slope = 1 in W — plane)
When y = 2, (which is line parallel to X — axis in Z — plane)

From (4),u—v=-22)+3

u —v = —1 (which is a line having slope = 1 in W — plane)
Givenw=(1+i)z+ (2 —1)

Let w; = (1 + i)z, which is "Rotation and Magnification"
transformation, in which the shape is preserved.

~w=w; + (2 —i),whichis "Translation" transformation,

in whicht the shape is preserved.

So, the above four lines in w — plane will intersect to form a square.
Hence, the square (bonded by x =0,x =2,y =0,y = 2)in the z — plane
is mapped onto the square (bonded byu+v=1L,u+v=5u—-v =3,

u—v=-1intheW — plane.




¢) Obtain Fourier series of f(x) = |x| in (-7, ). Hence,

2
deduce that %=l+l+l+...

12 32 52
Solution:

f(x) = |x|

“f(=x) = |2l = |2l = £ ()
~ f(x) is even function.
~ b, =0

Here,l =7

l
2
= Tff(x)dx

T Vs
2 2
=—||xldx =—| xdx
T T
0 0
[ T

7T[n — 0] (2 get cancelled.)

=T

ff(x) cos@dx

T

2 nmx
=— | |x] cos—dx
s s

0

(8)




= Ef:x cosnxdx (m get cancelled.)

T
21 sinnx —cosnx1”
= —|x. — 1. 5 ]
T n n 0
2[/ sinnm cosnm cosO
(et o422
ml n n n
271 (=" 1
=—|0+ —0——
Tl n2 n2
_T[’l’lz ( )

In Fourier series,

a = nmx o . nmx
f(x) = +Zancos +zbnsm—

2 l l
n=1 n=1
T - 2 n X
|x|=§+zm[(—1) —1]cos—+0
n=1
| I_7T_|_2(—2cosx 2 cos 3x 2 cos 5x
=7 o\ 12 32 52
x| T 4<cosx+cos3x+c055x+ ) "
M= 7z 32 52 (1)

Deduction: Put x = 0in (1)

.0_11 4 cosO+CosO+cosO+
2 n( 12 32 52 )
T 4 /1 1 1

cr=plptEret)

+)




Q.3] a) Find the inverse Laplace transform of

S

F&) = Trosrr o (6)
Solution:
-1 S _ -1 S
L [(sz+9)(sz+4)]_L [SZ+4XSZ+9

Let 8,(s) = o ; D (s) =

0l =G 2 =g
. —7-1 S —7-1 _1 :
FhO=1 [SZ+22 (0)=1 [s2+32]_35m3t

By Convolution theorem, L™ 1[0, (s)?,(s)] = jf1 (w)fo(t —uw)du

t
.L—l[ S j 2 3(t — u)du x =
3 sz+4 sz+9 cos 2. sm wdu X

0
t
1 1
= § Ej 2 cos 2u. sin(3t — 3u)du
0

[sin(2u + 3t — 3u) — sin(2u — 3t + 3u)] du

O\Ir—\
O\H

[sin(—u + 3t) — sin(5u — 3t)] du

O\Ir—x
O\‘”

1[—cos(—u+3t) cos(5u — 3t)

"6 —1 * 5 L

1 cos(5t — 3t) cos(0 — 3t)
=z [cos( t+3t) + z ] — [cos(O + 3t) + T]}




cos 2t
5

= —1|cos 2t + — |cos 3¢ + <25
gl |- =)

5

=L cos2e - Seosal
—65COS 5COS

1 6
=g X g{cos 2t — cos 3t} hgjyfgjkhbkhk

s
X
s24+4° s2

B 1 1
~ L [ n 9] = E(cos 2t — cos 3t)

2

pySotve 22 — 100 2% — 0 with u(0,6) = 0,u(1,6) = 0
)oveaxZ 3¢ = withu(0,t) = 0,u(1,t) =0,

u(x,0) = x(1 — x),taking h = 0.1 for three steps upto
t =1.5 by Bender — Schmidt method. (6)
Solution:

We are given h = 0.1 and a = 100

100

k=2hp2  ak=— (01)2=05
. —.(0. .

Since,h = 0.1,and the x is 0 to 1. We divide x interval into 10 parts by
taking h = 0.1.

We also divide the time interval into 3 parts by taking k = 0.5
to=0,t; =0.5,t, =1.0,t3=1.5

By data, u(0,t) =0

Hence, for allx = 0and t = 0,0.5,1.0, 1.5.

u(0,t) =0 forall t.

~ Bydata u(1,t) =0

Hence forallx =1and t =0,0.5,1.0,1.5

~u(l,t) =0 forallt.




Now u(x,0) = x(1 — x)

We now calculate u for t = 0 and

x=0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1.0

~whenx=0,t=0, u=001-0)=0
whenx =0.1,t =0, u=0.1(1-0.1) = 0.09
whenx =0.2,t =0, u=0.2(1-0.2) =0.16

whenx =0.3,t =0, u=0.3(1-0.3) =0.21

whenx =04,t =0, u=04(1-0.4) =0.24
whenx =0.5,t =0, u=0.5(1—-0.5) =0.25
whenx =0.6,t =0, u=0.6(1—-0.6)=0.24
whenx =0.7,t =0, u=0.7(1-0.7) =0.21
whenx =0.8,t =0, u=0.8(1-0.8) =0.16
whenx =09,t=0, u=0.9(1-0.9) =0.09

whenx =1.0,t =0, u=1.01-1.0)=0

t 0| 01 0.2 03| 04 | 05| 06 | 0.7 0.8 0.9 1

0 0| 009 | 016 |0.21/0.24|0.25|0.240.21| 0.16 [ 009 | O

1 0| 008 | 015 [0.20|0.23 | 0.24|0.23 | 0.20| 0.15 | 0.08 | O

2 0 |0.075| 0.14 | 0.19|0.22 |0.23 | 0.22 | 0.19| 0.14 [0.075| O

3 0| 0.07 {0.1325|0.18 | 0.21 | 0.22 | 0.21 | 0.18 | 0.1325| 0.07 | O
a+b

Used Bender Schmidt formula c = for remaining values.




¢) Using Residue Theorem evaluate (8)

1] 2T d9
o 5+ 4cosf
Solution:
0 i , dz z2 +1
Letz=¢e" sdz=ie'"".d0 =izd6 +dO =—; cos@O =
iz 2z
. j‘ z dz
“ = Zi0 iz
¢ 5 +4( s )

/ f Z dz
), i(2z2+5z+2) z
Where C is the circle |z| = 1

Now, the poles are given by (2z+ 1)(z+2) =0

z=-3, z=
The pole z = — = lies inside the unit circle and the pole z = —2 lies

2

outside.

1
Now, Residue of f(z) (at 7 = _E)

= lim <Z+—>. z -
Z_,_% 2) 2[z+ (1/2)](z+ 2)i

2 2

T 2[=(1/2)+2]i 3i
(2 4r
=2mi(z) =5

2 do 41

fO 5+4cos0 - 3




Q.4] a) Solve by Crank — Nicholson simplified formula

’u odu

———=0,u(0,t) = 0,u(5,t) = 100,u(x,0) = 20,taking h =1 for

ax? ot

one — time step.

Solution:

Herewe havea =1,h=1

To use Crank — Nicholson formula, we must have
k=ah?*=1x12=

The interval of x is 0 to 5.The subinterval is of size h = 1.
“xo=0,x=1,x,=2,x3=3,x, =4,x5=5

By datau(0,t) =0

When x = 0 for all values of t,u = 0,whent =0, 1.
By date u(x,0) = 20

For all values of x,whent =0,x=0,1,2,3,4,5.

By data u(5,t) = 100

Whenx =5andt =0,u = 100 and whenx =5,t = 1,u = 100.

t 0 1 2 3 4 5
0 0 20 20 20 20 100
1 0 Uy Uy U3 Uy 100

Now, by Crank — Nicholson formula we calculate the remaining of

Uy, Uy, Us, Uy,

Weusee=i(a+b+c+d)

1




1

1
Us =Z(20+u2+20+u4) - (3)

1
Uy = Z(ZO +u; + 1004+ 100) — (4)
By simplifying the following equation,

Thus, the final table is

t X 0 1 2 3 4 5
20 20 20 20 100
9.80 2.19 30.72 59.92 100




b) Obtain the Taylor's and Laurent's series which represent the

. 2 . .
function f(z) = Z-Dz-2) in the regions
D]zl <1,2)1 < |z| < 2. (6)
Solution:

Let ’ -2 !
€ z-1(z-2) z-1 z-2

~“2=a(z—-2)+b(z—-1)

Whenz=1, 2=—-a «~ a=-2
Whenz=2, 2=05»b

2 _ —2 N 2
z-1D(z-2) z—-1 z-2

Case(1):When |z| < 1,clearly |z| < 2

. 2 2
A= T AT a2

=2[1-z]"'-[1-2z/2]"

~f(z) = 2[1+z+zz+z3+---]—[1+(z

N
~—
+
~—~
NN
~—
+
~—~
NN
—
+
e—

Case(2):When 1 < |z| < 2,we write
2 -2 2
= +
z-1D(=z-2) z-1 z-2
_ 2 2
- oz[1-(1-2)] 2[1-(1-2z/2)]

as

21— (/2] = [1— (2/2)]

Z

f<z>=—3[1+;+Zi2+...]_[1+(§)+(£) +]

¢) Solve (D?* — 3D + 2)y = 4e**with y(0) = —3 and y'(0) = 5 where




Solution:

Let L(y) = y.Then,taking Laplace transform,
L(y") = 3L(y") + 2L(y) = 4L(e*")

But L(y') = sy —y(0) =sy + 3

and L(y"") = s?y —sy(0) —y'(0) = sy + 3s — 5

~ The equation becomes,

1
(s?’y+35s—5)—3(sy+3)+2y=4——

s—2
(57— 354 2)7 = —t 4143 _ —3s2 4 20s — 24
S TSIy =T 5= s—2
o _ —3s*+20s—24  —3s®+20s—24
Y T G-DG2-35+2)  (G-1(s-2)2
7 4 4

By artial fraction, y=———+——+ (s — 2)2

Taking inverse Laplace transform,

= (i) o () oo ()

1 1 1
=—7cL™' =+ 4e*' L7 =+ 4e*' Lt —
s S s

Hence,y = —7e' + 42et + 4te?*t.

Q.5] a) Find an analytical function f(z) = u + iv,if
u=-e*{(x* — y*) cosy + 2xy siny}. (6)
Solution:

Letu = e *{(x? — y?) cosy + 2xy siny}




aou, = —e ¥{(x? —y?) cosy + 2xy siny} + e ¥{2x cosy + 2y siny}

e *[—(x%? — y?)cosy + 2xcosy + 2y siny — 2xysin y]
uy, = e *[—(x? —y?)siny — 2y cosy + 2x siny — 2xy cos y]
fp=uy, and @, =u,

By Milne — Thompson method

f'(@) = 91(z,0) —ip, (z,0) = e7*[—z° + 27]

s~ fl2) = je‘z[—z2 + 2z]dz

Integrating by parts,

f(z) = (—z%+2z)(e7?) — j(—e‘z)(—Zz + 2)dz

=e %(z? - 22) + j e %(2—2z)dz
Integrating by parts again,
~f(z)=e#(c—-22)+(2—-22)(—e7?) — j(—e‘z)(—Z)dz

= e %(z2—-2z)—e %2(2—2z) + 2e?

=e ‘e ?+rc.

b) Find the Laplace transform of
f(t) =tv1 +ssint. (6)

Solution:

V1 +sint = \/[sinz(t/Z) + cos?(t/2) + 2 sin(t/2) cos(t/2)]

= JIsin(t/2) + cos(t/2)]? = sin(t/2) + cos(t/2)

& V1+sint = L[sin(t/2) + cos(t/2)]




1/2 n S
s2+(1/2)2 s2+(1/2)2

1 4 N 4s
C27(4s2+1)  (4s241)

_ 4s+2 2(2s+1)
"~ (4s24+1)  (4s2+1)

. . d[2@2s+1) (452 +1)2—(2s+1)8s
"L[“”Smt]‘_%[@sz“)] (452 + 1)2

[—852 — 85 + 2]
(452 + 1)2

_ (@s*+4as-1)
7 (4s2 +1)2

c) Obtain half range Fourier cosinr series of f(x) = x,0 < x < 2.
Using Parseval's identity ,deduce that —

nt 1 1 1
96 12 Tzt T ®)
Solution:

nmnx )

Let f(x) = ay +Zancos (T :

l 2
. _1f (x)d —1f d _1x22_1
-ao—l fx x—2 xx—220—
0

0

Here,l = 2.

2l nmx 2 (2 nmx
=2, f(x) cos—==dx == [ "x cos—=dx

_ [ sin(nmx/2)  cos(nmx/2) 2
3 nm/2 n?m? /22 o
. [ cosnm 1
P = _2' ©+ n2mg2/22 0- n2n2/22]




_ [(=D)"-1]

T n2m2/22

2
= {—4. - if nis odd
= {0 if niseven

“w x=1—-—=|5c0s—+55c08s—+ -

8 [1 nx 1 3mx
2[12 2 32 2

By Parseval’s identity

l
1 1
L ireordr = 51268+t + a3+ ]
0
2
~ L h _1 24 _1x32_
oL .s.—zfx x=sl7| =3
0 0

41 64¢(1 1 1
3732 et
8 2_641+1+1+]

2 o414 34 54
.n4_1+1+1+

96 14 34 54

3z2+2z+1 _
Q.6]a) If f(a) = jé - dz,C: x* + y* = 4 find the values
of f(3),f'(1 — Dand f"(1 — ). (6)

Solution:
The circle x? + y? = 4 is |z| = 2.
1] The point z = 3 lies outside the circle |z| = 2.

~ By Cauchy's Integral Theorem




3z242z+1
f3=4¢ ——dz=0
2] The point z = —1i.e.(1,—1) lies outside the circle. Hence, we take

¢@(z) = 3z% + 2z + 1 which is analytical everywhere

z
. f ;pgzl dz = 2mig(a) = 2ni(3a%? + 2a + 1)
Cc

322 +2z+1

s fle) = j P dz = 2mi(3a® + 2a + 1)

~ f'(a) = 2mi(6z + 2)and f''(a) = 2mi(6)

w (1 —i) = 2mi[6(1 — i) + 2] = 2mi(8 — 6i)

b) Find the coefficient of correlation between height of father
and height of son from the following data,

Height of father: 65 66 67 68 69 71 73

Heightof son : 67 68 64 68 72 69 70. (6)
Solution:

Let x and y denote height of father and height of son respectively.

x y u;=x; —68 | v; =y; — 68 u? y? U;V;
65 67 -3 -1 9 1 3
66 68 -2 0 4 0 0
67 64 -1 -4 1 16 4
68 68 0 0 0 0 0
69 72 1 4 1 16 4
71 69 3 1 9 3
73 70 5 2 25 4 1
Total 3 2 49 38 24




Hence,n =7

Karl Pearson's coef ficient of correlation

nYyuv-—yYud)v

ynXu? — (Fu)? —ynyv? — (T v)?
_ 724) - (3)()

J7(49) — (3)2 — /7(38) — (2)2

162

V334+/262

= 0.5476

Ty = Tuv =

Hence,Coefficient of Correlation between height of father and height

of son (r) = 0.5476

c) Atightly stretched sring with fixed end points x = 0 and x = [,
in the shape defined by y = kx(l — x) where k is a constant is

released from this position of rest. Find y(x,t), the vertical

. ., 0%y 0%y
displacement if 32 = a7 (8)

Solution:

I o o’y 0%
The vibration of a string is given by 50z = c 32

- (1)

Since the vibration of a string is periodic the solution of (1)is of form
y = (¢, cosmx + ¢, sinmx)(c3 cosmct + ¢, sinmct) - (2)

Given initial boundary conditions are:

1) Whenx =0,y =0 forallti.e.one end A of the string remains fixed

throughout the motion.




~ We get from (2)

0 = (¢; + 0)(c3 cosmct + ¢, sinmct)
01 = 0
~ ¥ = ¢, sinmx (c3 cosmcet + ¢, sinmect) - (3)

2) Now dy/ot = 0 whent = 0i.e.initially the string is steady. From (3)

d
a—}t] = ¢, sinmx {c;(—mc) sinmct + ¢, (mc)cos mct }
. dy .
Putting t = O'E =0, 0=c,sinmx(c,mc) ~ccamc=0
If ¢, = 0 then (3)will give a trivial solutiony =0. . ¢, =0

Thus, from (3),we get,

Y = C5C3 SIh mxcos mct

Yy = cg sinmxcos mct (Where c,c3 =¢cs) — (4)

3) Now,y = 0whenx =1 for all ti.e.the other end of the string is
fixed and the length of the string is L.

&~ From (4),we get 0 = cs sinmlcosmct - (5)

If ¢ = 0 (4)will lead to a trivial solution y = 0.Thus , cscannot be zero.

~ From (5),we getsinml = 0

nmw
~ml=nmi.e. m= T; n=1273, ...




As from above, the solution of given equation is

nmx  nmuct
Yy = Cg sin [0S — - (6)

Puttingn = 1,2,3, ...
. nmx  nmct
= Z b,, sin [ cos— - (7)

Now, lastly whent =0,y = kx(l — x)

nix
~ Puttingt =0in (7)we get y = ) b, sinT - (8)

where,y is given by y = kx(1 — x).
But the series (8)is a Fourier half — range sine series for the function

The coef ficient b,, can be determind from

l

nmwx 2 nmwx
b, ljf(x)sm—dx—T kx(l—x)sianx
0

2k a )( 1 nrtx) (1-2%) 12 o2 13 nx\|'
=7 x x). mTcos l x ) (—2) n3n3cos l i

C2k[ 28 213] 4kl

cosnm +
n3m3 (

1 — cosnmt
[ n3m3 n3m3 )

Hence, putting the value of b, in (8)the solution is

4kl1? 1—cosnx\ = nmx  nmnct
y = 3 Z(T)Sm l cos T n=123,...

¥ t)_SkIZ[l TX nct+ 1 31X 31‘[Ct+ ]
Y0 =—3 13sm €05 — 335m €05 —




