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Q.1
a) Evaluate fooo yte Y’ dy

Solution :

Let|= foooy4e‘y6dy andy® =t

1

dt
dy = —s
6t6
When y=0, t=0 and when y=00, t=00
Now,
_ (P 4,y
=), ¥ e4 dy
o 1
~Jo (t6) e~ 5
6y6
-1
=J, teetdt




b) Find the circumference of a circle of radius r by using parametric equations
of the circle x=rcose, y= rsine.

Solution :
For a circle with radius r and parametric equations x=rcose and y=rsine,

Circumference, c = fozn (Z—Z)z + (Z—Z)Z do
= fom\/(—rsinﬁ)2 + (rcos6)?do
= foznr\/sinze + cos?6d6
= rfozn do
= r[6]5"

c=2mnr




c) Solve (D?+ D - 6)y = e¥

Solution :
The auxiliary equationis D?+ D—-6=0.

(D-2)(D+3) =0

D=2,-3

Complementary Function, |C.F. = c;e?* + c,e3*

. _ 1 ax
Particular Integral, P.I. = - — =
_ ;eéwc
(4-2)(4+3)
= e
2x7
4x
Pl =
14

The complete solutionisy = C.F. + P.1.

4x

- 2X -3x e
=Ccie*+ e +
Y 1 2 12




d) Evaluate f01 f;z xy(x? + yH)dydx

Solution :
_ (1> 2 2
Let1= [ [ xy(x* + y*)dydx
_(1*x .3 3
I= [, [5x%y +y3xdydx
Integrating w.r.ty,
1 2 4 X
| = [x3y—+y—x] dx
0 4 x2
1 2 4 22 2\%
1= [ 3% x—x—x3(x) _ ) x dx
0 2 4 2 4
| = le—5+x—5—x—7—x—9dx
2 4 2 4
T e,
4 2 4
Integrating w.r.t x,
3x6 x8 x10 71
_[4X6_2X8_4X10]0




e) Solve (tany + x)dx + (xsec?y — 3y)dy =0

Solution :
Comparing the equation (tany + x)dx + (xsec?y — 3y)dy =0 with
Mdx + Ndy =0,

M = tany + x
N = xsec?y — 3y

N _ sec?
y Py y

oM N . .
As E = S the given D.E. is exact

[Mdx = [(tany + x) dx [(Terms in N free from x)dy = [ —3ydy
2

—3vy2
=xtany+x7 ==

2

Solution,
[ Mdx + [(Terms in N free from x)dy = ¢

x2  3y2
xtany+?—%=c




f) Solve % = 1 + xy with initial condition xo=0, yo = 0.2 by Euler’s method.

Find the approximate value of y at x = 0.4 with h=0.1

Solution :
Since f(x,y) =1 + xy, f(xo,yo)=1+(0x0.2)=1

At x1=0.1,y1 =yo+ h f(xo,y0) =0.2+{0.1x[1+(0x0.2)]}=0.2+ 0.1 =0.3
At x2=0.2,y2=y1+ h f(xy,y1) =0.3+{0.1 x[1 + (0.1 x0.3)]} =0.3 + 0.103 = 0.403
At x3=0.3,y3=y2+h f(xz,y2) =0.403 +{0.1 x [1 + (0x 0.2)]}=0.2 + 0.1 =0.511

At x4=0.4,y4=y3+hf(x3,y3) =0.2+{0.1x[1+(0x0.2)]}=0.2+ 0.1 =0.6263

Atx=0.4,y=0.6263




Q.2

a) Solve (D% —4D + 3)y = e*cos2x + x?

Solution :

The auxiliary equation is D2 —4D + 3
(D-3)(D-1) =0
D=3,1

Complementary Function,|C.F. = c1e3 + c,e*

Particular Integral , P.l. = (e*cos2x + x?)

(D-3)(D-1)
= ; X 2X + ; X2T . her
D-3)(D-1) = 0K T pogyp_p) X VPecavationhere
= e~ : C _Dyayq_pyty2
- € (D+1—3)(D+1—1)"OSZX +3(1—5)"(1-D)"x

D D? M w2
= eX c052x+3(1+§+?)(1+D+D)x

1
(D-2)(D)

D  D? ,
c052x+3(1+§+?)(x +2X + 2)

2x 2 2
c052x+3(x2+2x+2+?+§+6)

= eX
D2-2D

= eX
~4-2D
e 1 26
=-— ——C0S2X + 3x* + 8X + —
2 D+2 3
eX D—2 26
=-— coS2X + 3x2 + 8x + —
zx D2—-4 3
eX D-2 26
=-— ——COS2X + 3x> + 8x + —
2 —4—4 3

eX ) 26
3 1—6(—25|n2x -2c0s2x) + 3x2 + 8x + ™y

ZeX 26
= T(stx + cos2x) + 3x2 + 8x + >

X
=%\/§cos(2x — %) +3x% + 8x+%

The complete solutionisy = C.F. + P.1.

e* s 26
y = c1e¥ + ce¥ - gx/icos(Zx — Z) +3x2 + 8x + y




b) Show that f dx = —log(l + a)

Solution :

oo tan~ 1 ax

I(a) = fO x(1+x2) dx
By the rule of differentiation under integral sign we have, differentiating w.r.t a,

dl _ o 0 (tan_1 ax)
da 70 da \x(1+x?)
1
= dx
f (1+azx2 x(1+x2))

) dx

— Jo ((1+a2x2) (1+x2)

1 0o 1 a?
T 1-a2 fO ((1+x2) N (1+a2x2)) dx
1

— _1a2 [tan™! x — atan™! ax]|g

1 (T[ n)
= —— Qa-
1—-a2 \2 2

= Elog(l + a)

j°° tan‘laxd _nl -
o x(1+x2?) ¥ 3 0g(1+a)




c) Change the order of integration and evaluate foz fx‘;_x xydydx

Solution : Let | =f02 fé_x xydydx
2
xZ

x=2,x=0,y=4-x,y=?
After changing the order of integration, we get two

A

parts, R1 and R2 of the common region where the
limits of the variables do not change.

In R1, x varies from O to 4-y and varies from 2 to 4
In R2, x varies from 0 to /2y and varies from 0 to 2

4 ~4— 2 2
=1, ], yxydxdy+fo fOJ_yxydxdy
4 x2 4=y 2 xz \/E
=1, y[?]o dy + J, y[;]o

4 (4-y)* 2 (J2y)?
'=Ly—§4dyﬁgylg—mf

dy

4 (16—-8y+y?) 2 2
1= [, y—=——=dy + [ y>-dy

1 ~4 2
1== [, 16y —8y* +y*)dy + [[y* dy
N PP T G RN i
I_2[8y 3 +4]2+[3]0

I=%[8.42—8'T43+4:4—8.22+8'—23—£]+[?]

3 4
10 8
|=—+-
3 3
1=6

v




Q.3
a) Evaluate [[[ x2yzdxdydz throughout the volume bounded by the planes

- = - Xy Y zZ_
x-0,y-0,z-0anda+b+c 1.

Solution :
Letx=au,y=bv,z=cw
dx = a.du, dy = b.dv, dz = c.dw
| =[[[ x?yzdxdydz
| = [[f (auw)*. bv.cw.a.du. b.dv.c.dw
| = a3b?c? [[[ u>vwdudv. dw

The planes will become, u=0,v=0,w=0andu+v+w=0,
If we consider an elementary cuboid, on this cuboid,

w varies fromOtol—-u-—-v

vvariesfromOto1—-u

u varies fromOto 1

1=ap2c2 [ [ [T W owdwdvdu
| = a3b?c Zf flu 2 [W]luv

_ .31.2..2 1-u 2 (1'”.17)2
I—abcfof0 u?v~———dvdu

_ 332 2 ¢l flmu 5 [(1-—w)?-2(1-w)v+v?]
l=a’b*c fo fo u-v > dvdu
| = a3h2c2 fl fl—u 2 [(1—u)2v—2;1—u)v2+v3]d du

| = fluz (1—u)2——2(1—u)— 4]},‘”du

32 2 4 Q

I=b—f01u2 (1-u)* . 2(1 u) (1-w) ]du
31922(:2 1uz(1—uz)4 ’

|== ) du

2 0 12
3b2 2
B(3,5)
3b2 2 2141
X
24 7!

dvdu

a3b?c?

_|_




a3b?c?

2520

3p2 2
[[[ x*yzdxdydz = azgz(c) throughout the volume bounded by the planes x = 0,

- - X4 Y 2 _
y—O,z—Oanda+b+c—1.




b) Find the mass of the lamina of a cardioid r = a(1 + cose). If the density at any
point varies as the square of its distance from its axis of symmetry.

Solution : Let P(r,e) be any point on the given cardioid R
The distance of P from the axis is r sine. The density at any
point P(r,e) is p = k r2sin?4.

Consider a radial strip in the first quadrant.

Mass of the lamina,
_ m ~a(1 + cose) )
=2J, J, (k r2sin?0)rdrde

r P
On this strip, r varies from 0 to a(1 + cose) and - :
e varies from 0 to m. /
4

_ T ﬁ a(1 + cose)
= 2k[, sin 0[4]0 do

4
= k% ;SinZQ (1 + cos6)*do
_kat (i, .6 0)? 5 0\*
== (ZSlTlECeOSE) (GZCOS E) do
=32 ka* f:sinzgcoslogde

. 0
=64 ka* f(;n sin’t cos'Otdt [— = t]
97531 _m

1
=64 ka*—————x—
12.10.8.6.4.2. " 2

) 21
Mass of the lamina = - ka*n




c)SoIve(3x+2)2 +5(3x+2)——3y— x2+x+1

Solution :

Let3x+2 =V 2=3

dx
dy dy dv dy
dx dv dx dv

d’y d (dy d (,dy d (dy\ dv d?y
=7 = 3) =32 (2)Z =922
dx? dx \dx dx dv dv \dv/ dx dv?

The given equation changes to,

,d?y dy v—2\* v-2 vi—4v+4 v-—2
9p? dv2+15v5—3y (3 ) 3 +1= 9 + 3
Multiplying throughout by 9,

,d?%y dy ,
81v? W+135v%—27y=v —4v+4+3v-6+9
81v2”+135v —27y=v —v4+7 . (1)

Put z = logv =e?
v _ _3’ _ _
Now,v—== Dy, v°— =D(D —1)y

Equation (1) becomes,
[81D(D—1) + 135D —-27]y=e?? —e? + 7
[81D?% + 54D — 27ly=e?? —e? + 7

The auxiliary equation is 81D? + 54D — 27=0.
(D+1)(D-3)=0
D=-1,:
Complementary Function, C.F. = cie? + c,e?3
= c,e7108v 4 ¢, logv/3
= cvl+ g3
=c1(3x +2)7! +c,(3x + 2)7 /3

1

Particular Integral, P.I. = e?? —e? +7
81 2+54D-27

+1




- 1 eZz _ 1 ez + 1
81(2)2+54(2)-27 81(1)2+54(1)-27 81(0)2+54(0)-27
X e? 7

"~ 405 108 = 27
27\15 4
Resubstituing z = log v

1 [e2logv elogv
== (—-—+7)
27 15 4
1 (v? v
S (2 _tyy)
27 \15 4

Resubstituing v =3x + 2

_ 1 ((3x+2)*  (3x+2)
P'I'_27( 15 4 +7)

The solution is,
y=C.F. +P.l.

1 ((3x+2)2 _ (3x+2)

y=c(3x +2)"' +c,(3x + 2)"V3 + ol ey "

+7)




Q.4
a) Find by double integration the area common to the circles r = 2cose and
r = 2sine.

Solution :
We have r = 2cose y

e.\x2+y2=2

x2+y2—-2x=0
2_2x+1+y2=1
(x—1D*+y2=1
Centre = (1,0)
Radius =1
Similarly, r = 2sine
ie.x2+y2=2
xt+y:—2y= 0
x2+y2-2y+1=1
x2+(y—-1%=1
Centre = (0,1)
Radius =1

x2+y2

A

Consider radial strips in both A1 and A2.
In A1, r varies from O to 2cose and e varies from 0 to /4
In A2, r varies from 0 to 2sine and e varies from m/4 to /2

Area=Al+A2
fn/4 fZCOS rdrdd + fn/z f25m9 rdrd®

_ f“/4 [ ]20059

=2 lfz(cosze) de + fnz SinZQdH]

2sin@

odo+ f“/z[] do

_2f4_60529 d9+f21 cosZBdQ

T[
—sin26 sin20,5

+60]%+[6 +

=[




Area

:E—l
2




i d
b) Solve sin Zxd—z =y +tanx

Solution :
dy y _ tanx

dx sin2x sin2x
ay y __1

dx  sin2x 2c0s2x

Comparing with Z—z + P(x)y = f(x)
1
P(x) = —

sin2x
f(x) =

2c0s%x

-1
LF = eJsm 9%
= o~ J coseczxadx
—log(coseczx—cot )
=e 2

~log(*57—)
=e 2

-1 2sin?x

08\ 2sinx.cosx

=e 2
—log(tanx)

=e 2

LF.=—
T Vtanx

The solution is,
y X |.F. -fP(x).I.F.dx+c

y 1 d
= X+ C
Jtanx f 2coszx Jtanx
y 1 d
= X+ C
Jtanx f 2co 2x Jtanx
2 = ——
=5 +C
L
1 _ -
Y =~ [ cos™3/%x.sin"2xdx +c
tanx 2

1
Putcos 2x =t

1 .
~cos 3/2x sinxdx = dt




1 _ T .
~cos 3/2x . sin~Y2x. sin3/?xdx = dt

%cos‘3/2x.sin‘1/2xdx = — CZZ ......
sin X
Now,
1
cos 2x =t

t™* = cos?x

(1—-t*) =1-cos’x

(1—-t*) = sin’x

sind/2x = (1 — t=4)3/4 ()

Substituting (2) in (1),

1 <=3/2, cin—1/2 _ at
S cos™x.sin™ “xdx = R
1 dt
4 == 3 +C
tanx 2 (1-t—%)2
f t3dt
tanx (t4— 1)3/4
Let t* — 1 =g
4t3dt = dg
t3dt =22
y _ 1, dg
tanx 27 4g3/4 TC
y _1 3/4
vtanx o gfg / dg +C
1/3
Y __ 29 +cC
tanx 8 1/3
y __ 3 _1/3
tanx 8‘g te

Substituting g = t* — 1
2 =2t — )3 +c
~1/2

f

tanx
Substituing t = cos

1
Y = %[(cos_ix)4 — 113 +¢

X

Vtanx
Yy

[cos™2x — 1]Y3 + ¢

OOILAJ

f

tanx




c) Solve % = 3x + y? with initial conditions yo = 1, xo = 0 at x = 0.2 in steps of
h = 0.1 by Runge Kutta method of fourth order.

Solution :

d

d—z = 3x + y?
fix,y)=3x+y%,x,=0,y,=1,h=0.1

ki = hf (x0,y0) = 0.1[3(0) + 1] = 0.1
h ky [ 0.1 0.1\°
k, = hf(xo +=, Y0 +—) =0.1 3<0+—) + (1 +—) = 0.1252

2 2 _ 2 2
h k, [ 0.1 0.1252\°
k3=hf<x0+§,yo+?)=0.1 3<0+7)+<1+ 5 ) = 0.1279

[0.1 + 2(0.1252) + 2(0.1279) + 0.1572]

N -

1
k — g[k1+2k2 +2k3 +k4,] -
1.2634
ke =

= 0.2105

The approximate valueof yatx=0.2is=y, + k =1+ 0.2105 = 1.2105




Q.5

a) Evaluate fol x° sin~! x dx and find the value of B(%,%)

Solution :
Integrating by parts we have,
1 . . 611 1x6 1
[Tx®sin"txdx = [sm 1x.x—] — [ =,
0 6 1g 6 Vi-x?
le'_ld 7T111x6d
x’>sin" " xdx =—=.———=| ——=dx
0 26 6J,1—x2
Put x =sine dx =cosede
n 1 (m/2sin®6

dx

=— == 0s6do
12 6 0/ cosO
T 1 rm/2 .
=— —= sin®6do
12 670
_ T 1531w
12 6674722
_ T 51
12 192
_1171'
_1192
. 117
[Tx°sinTlxdx = =
0 192

6(7 1) _ rg)rG) _rGri) L, xax G)TG) _352 (1)

2’2 7.1y T r(a 3! 16 2
) @




b) The differential equation of a moving body opposed by a force per unit
mass of value cx and resistance per unit mass of value bv? where x and v are

the displacement and velocity of the particle at that time is given by
dv

V= —Cx— bv?. Find the velocity of the particle in terms of x, if it starts

from rest.

Solution :
dv 2

We have v— = —cx — bv
dx
ingp2=v ¥ 1%
1Pl:lttmg Ve = y,vdx =S,
y e J—
e + by = —cx

dy _

—t 2by = —2cx

This is a linear differential equation of the form Z—z + Py =40Q
|E. =edex — ebedx — p2b

The solution is ye??* = [ 2P*(—2cx)dx + ¢’
ye?b* = —2¢ [ xe?*dx + ¢’

2bx e2bx e2bx ,
ye —Zc(x - — [ 1. Y dx)+c

2
)+c’

2bx 2bx

2bx e e
e = —2cC (x —
y 2b 4p2

Resubstituting y = v?

cXxX C
172€2bx — __ebe + 2€2b +c
b 2b
C
By data, whenx=0,v=0 So, ¢’ = -
cXx C c
vZebe — __62bx + eZDx _

b 2b?2 2b2

2 _ € ¢ 2bx 1) _ X
v —sz(e 1) .




c) Evaluate ff% by using i) Trapezoidal ii) Simpsons (1/3)rd and iii)
Simpsons (3/8)th rule.

Solution :
Dividing the interval to 6 parts by taking each subinterval equal to
6—0

h=-—=1
6

X 0 1 2 3 4 5 6
y=— 1 1 1 1 1 1 1

1+4x 5 9 13 17 21 25
Ordinate Yo Y1 Y2 Y3 Y4 Ys Y6

i) By Trapezoildal Rule,
|=2[X + 2R]
Now, X = sum of the extremes =1 + % = 1.04

And, R = sum of the remaining = g + % + 1—13 + 1—17 + 2—11 =0.4944

I=%[X + 2R] = %[1.04 + 0.4944] = 0.7672
ii) By Simpsons (1/3)rd rule,
|=2[X + 2 + 40]

Now, X = sum of the extremes =1 + % = 1.04

1

2E = 2 x sum of the even ordinates = 2 (g + E) = (0.3398

40 = 4 x sum of the odd ordinates =4 (% + 1—13 + 2—11) = 1.2981
| = g [X + 2E + 40] = § [1.04 + 0.3398 + 1.2981] = 0.8926
iii) By Simpsons (3/8)th rule,

|=%[X+2T+3R]

Now, X = sum of the extremes =1 + % = 1.04

2T = 2 x sum of the multiples of 3 =2 x 1—13 = (0.1538

3R =3 x sum of the remaining = 3(% + é + 1—17 + %) = 1.2526

| = % [X + 2T + 3R] = 2[1.04 +0.1538 + 1.2526] = 0.9174




Q.6

plane.

a) Find the volume of the region that lies under the paraboloid z = x2 + y? and
above the triangle enclosed by the linesy =x, x=0and x + y = 2 in the xy

Solution :

0]

v

The base of the required solid is a triangle OAB.

A

y=X

A(1,1 X+y=2 X

20

Take a strip parallel to the y-axis fromy = x to y = 2-x. The strip moves parallel to

itself from x = 0 to x = 1. Z varies from 0 to x? + y2.

Cx xZ4y? _
V=f01 fxz xfox " dzdydx = fol fxz “(x? + y?)dydx =

= fol[xz(z—x)+@—x3—x;]dx= f012x2—

[2x3 7x* (2—x)4]1_2 7 1 16 _
3 12 12 1y

<
I
|

0
7x3 N (2—x)3

! [xzy + y;]i_x dx

dx

3 12 12 12 3

3




b) Change to polar coordinates and evaluate [[ y>dxdy over the area outside
x%* + y?> —ax = 0 and inside x* + y?> — 2ax =0

Solution : ,

x2+y?—ax=0
2

2 a 2 _ (2
X Zx2+ (2) +3cll 2— (2)
(x-3) +7*=(3)
Centre = (a/2,0)
Radius = a/2 [=acose
And,
x?+y2—2ax=0 v
x? —2ax +a® +y?=a?

(x —a)? +y% = a?
Centre = (a,0)
Radius = a

by r = 2acose

2

Putting x=rcose and y=rsine in x? + y% — ax = 0 we get r? = arcos@ i.e.
r = acosf and in x? + y? — 2ax = 0 we get r2 = 2arcosf i.e. v = 2acosf
Considering a radial strip, r varies from acose to 2acose and e varies from 0 to g

|= [ y*dxdy
1=2]2 f:;c;se(rsinﬁ)zrdrdH
=2 fgfzacoser3sin29drd9

acose
4]2acose

Zrr
=25 [T
I =%f05(16a4cos49 — a*cos*0) sin*6do

15a* - 4 . 2
— |2 cos*@sin® 6d6
_15a* 311 m

2 6.4.2 2

sin?0do

aCoSse

| = 15ma*
T 64




c) Solve by method of variation of parameters

d?y 1
dx 1+sinx
Solution :

The auxiliary equationisD?+1=0
D=i,-i

Complementary Function, C.F. = c1cosx + c3Sinx
1

1+sinx

Here y1=cosx, y2=sinxand X =

Let Particular Integral, P.l = uy; + vy>

Now,

}’1 cosSx Sinx '

|—| ) |=coszx+sm2x=1
y 1 —Sinx cosx
X sinx sinx 1 sin sinx—sin? x
=—f&dx=—f dx = - e = - [
1+sinx 1-sinx 1+smx COSZ.X

= — [(secx.tanx — tan®*x) dx = — [(secx.tanx — sec’*x + 1)dx
u= —secx + tanx — x

=fM x=fcosxx - dx = log(1 + sinx)

The complete solution is,

y=C.F. +P.l.
Y = C1C0SX + C2Sinx + cosx(—secx + tanx — x) + sinx.log(1 + sinx)




