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Q1] a) If Laplace Transform of erf(J/t) = S\/%? then find L{e".erf(2\t)} (5)

Solution:-

Given - L[erf(Jt)] = SL

Js+1
Llerf(2J)] = Llerf(J4t)]

By change of scale property ; {L[f(at)]= %cp(%)]

Llerf(2./t)] =

- = o(-s) S )

s|s+4
L[e". erf(2./t)] can be found by first shifting theorem,
{Lef(V]= p(s-a)}
Lle' erf(2J1)] = @(s-1)
From I; replace s by s-1

We get L[e' erf(241)] = m = (s-1 )2 s+3

L[e' erf(2./0)] = (3_1)3@




Q1] b) Find the orthogonal trajectory of the family of curves given by
e*cosy +xy = C 5

Solution:-
Let u = e*cosy + xy;
To find orthogonal trajectory of u=C

i.e. find v( hormonal conjugate of u)

u=-ecosy+y ... [differentiating partially wrt x]
u, = -e’siny + x ceerenmneemnnen. [differentiating partially wrt y]
f(z) = u +iv, = u-iu, .........[by CRegn; v, =-u,

By Milne-Thompson's method ; replace x =z;y = 0
f(z) = -e“cos (0) + (0)-i[-e”sin (0) +z] = -e*-iz
By integrating both sides;

e iz iz
-1

—+Cc =e’-—+cC

f(z) = > >

putz=x+iy

. . \2
f(z) = e*™- —'(X;'y) +C

f(z) = e'X.e'iy—%[xz—y2+2xiy] +C
f(z) = e'x(cosy-isiny)-%[xz-y2+2xiy] +C
Imaginary part; v = -e'xsiny-%[xz-yz]

Hence required orthogonal trajectory = -e'Xsiny-%[xz-yz]




Q1] c) Find Complex form of Fourier Series for e”; 0 < x <2 (5)
Solution:-

In interval (0,2l); f(x) = e*

F(x) = °5C.e™" whereC, = %Jé'f(x)e"‘“"’ 'dx

Put | = 1 therefore in interval (0 < x < 2)

We get f(x) = —ZECneinnx ; C = %Iéf(x)ei"“xdx

Cn — %IgeZX'einnde — %Ige(zinn)xdx

e(2—im'[)x 2 4

_1 1 glHim 1 _ 1 (e"xe”™)-1 _ 1]e*

o 2[(2-inm)x], 2|[(2-inm)x| (2-inm) 2| 2-inm 2|2-inm
4

_ e+l

Co = 22inn
0o 4

2x _ 00 inTix — e '1 inTx

&= o2C8 _2|42inn|
o] inTix

X _ (nh_ e
7= (e 1)_0024-2inn

Q1] d) If the regression equations are x-6y + 90 = 0 ; 15x-8y-180 = 0.
Find the means of x and y, correlation coefficients and standard
derivation of x if variance of y = 1 (5)

Solution:-

Given equation:- 5x-6y + 90 = 0 ; 15x-8y-180=0
(1) Means of x,y:
Solving the equation n simultaneously,

5x-6y =-90




15x-8y = 180

Weget, X =36 ; Y =45

(2) Correlation coefficients
Suppose the first equation represents the lines of regression of Xon'Y

ingitasxe 8Y. 90 _, _6
Writing it as X = 55 = b, = 5

Suppose the second equation represents the lines of regression of Y on X

i iagy < 19X 180 15
Writingitas Y = 3 8 = b, = 3

6 15
r= 'byx.bxy = gxg = 15

But rcannot be greater than 1.
Hence our assumption is wrong;

Treating equation 1 as line of regression of Y on X and equation 2 as line of
regressionof XonY .

_ 52X 90 S
Y=%*% “P73
_ 8 180 _ . _ 8
X=15+t75 ~ P75
r= |b,b, = §><— = 0.6667
yx ey 6 15 '

2 _
o, =1
o, =1
o
b,, = rx—*




X=36; Y =45
r=0.6667
o = 0.8

Q2] a) Show that the function is Harmonic and find the Harmonic
conjugate v = ecosy + x°-3xy’ (6)

Solution:-

Given:-

o _ e*cosy + 3x°-3y’

ox

2
% = €°COSY + 6X  .cccvcerrersienn (1)
ov X:
a_y = -e'siny-6yx

v
Fv -€COSY - 6X evrrcrrrerrererrreeneee (2)
v | d%v

Fwe + a_yz = e*cosy + 6x -e*cosy-6x =0

Therefore, v satisfies Laplace’s equation
v is harmonic
Finding harmonic conjugate, u;

V,= p.(xy) and V, = g,(xy)




p,(z0) = -€°.0-6(z).0 = 0

p,(z,0) = e +32°

f(z) = 9.(z.0) +ip,(z,0) =i(e’ + 32%)

On integrating; f(z) = ife+2%] = i[e®™ + (x+iy)]] = i[e“e” + (x+iy)Y]
f(z) = ile’{cosy+isiny} + x* + 3x%y-3xy’-iy’]

Real part; u = -e’siny-3x%y + y°

Harmonic conjugate = -e*siny-3x’y + y°

Q2] b) Find Laplace Transform of:-

_ | t, O<t<1, _
(1) = {0, 0D f2) = 100 ©)
Solution:-

f(t) is periodic with period a = 2; we have

1

L[f(t)] = 1_‘l.asjge‘“f(t)dt = 1_e_ZS]§e'Stf(t)dt

L[f(t)] = 1_l_zs[jge'3ttdt+ fodt] = #[ﬂ,e‘s‘tdt]

LIf(o) 1-1‘23 t(est) (es_';); ) 1_1.23 (e?) (%)+%
IO

L[f(®)] = ﬁ [-se*+1-e”]

L[f(t)] = ﬁ [1-e*-se”]




Q2] c) Find Fourier expansion of f(x) = -x* ; -1<x<1
Solution:-

f(x) =x-x> ;-1<x<1

Given function is difference b/w odd and even function
f(x) = f,(x)-f,(x)

Here, | =1

For f (x) = x whichisodd;a =0

nr[x

n

= I]' f(x)sin| —

dx = 2fxsin(nmx)dx

oo A
b, =20
" Nt

For f(x) = x* whichiseven; b =0

= 1]' f(x)dx =['x°dx = Xl 1 (2)
- | 0 —Jg = 3 . = 3
J' f(x)cos nrltx dx = 2[x*cos(nmx)dx
: ] » 1
a =2 Xz(sln(nnx) -2x( cosnmx +2( Sl:g:‘-\[];[X)
0

Solving equation we get,

_AC)”
e )

f(x) = f.(x)-f,(x)

f(x) = Ebnsin(mlt ) {a +3a Cos(nrltx)}

f(x) = %E%ysin(nnx)-% + %E(':—fcos(nnx)

(8)




Q3] a) Find the analytic function f(z) = u + iv if v = log(x*+y?) + x-2y

(6)

Solution:-

v = log(x*+y?) + x-2y

Differentiating partially with respect to x and y

ov_ 1

v m><2x +1 e (1)

g_‘; - ()(;Wny-Z RO (7))

g_; =y, (xy) and % = p,(xy)

p.(z,0) = %-2 ; p,(2,0) = é_% +1

f(2) = p,(2.0) + iy, (z,0)

Integrating both sides;

f(z) = -J2dz +ij%+1dz -2z + ij§+1dz

f(z) = -2z +i(2logz+z)
f(z) = z(i-2) + 2ilogz

-2z + 2ilogz + iz

Q3] b) Find inverse z transform of

32182426
(z-2)(z-3)(z-4) '

3<|z| <4

Solution:-
By partial fraction:-

32-182+426 _ A B G
(z-2)(z-3)(z-4) (z2) (z3) (z-4)

32°-18z + 26 = A(z-3)(z-4) + B(z-2)(z-4) + C(z-2)(z-3)

(6)




Putz=4
3(4)* + 26-18(4) = 0(A) + 0(B) + C(4-2)(4-3)
2=C(2)(1)

C=1

Putz =3
3(2)%-18(2) + 26 = A(2-3)(2-4) + 0(B) + 0(C)
2=A(-1)(-2)

A=

3z>-18z+26 1 L1 1
(z-2)(z-3)(z-4)  (z2) (z3) (z-4)

Since |z| >3 we take common z from first two terms and 4>|z| we take 4 common
from last term.

32°-18z+26 _ _ 1 P
EAEIED a0l 20D
3z>-18z+26 _ 1 L] 1
(z-2)(z-3)(z-4) ~ 2

21-2)  20-2) a0-)

RHS:-

L

1

-

1

4

N |[=

+_

-1 1+ 2 + 2 2+--- 2 k-1+--- +l 1+ 3 + 3 2+--- £l k-1+ -11 Z14(2 2+--- z k1+--
ozl \z) \z Z z| \z) \z z 4 '\4) \4 4
Coefficient of z*in 1% term = 27 : k 21

Coefficient of z¥in 2™ term =37 : k21

Coefficient of z“in 3" term = g o k=




Coefficient of z“in 3" term = k <0

_‘I )
7
Hence z'[f(z)] = 2" + 3" ; k21

-1

=F 1 k=0

Q3] c) Solve the differential equation:-

‘;—3 + 4y = (1) ; f(t) = H(t-2) ;y(0) = 0; y(0) = 1 (8

Using Laplace transform

Solution:-

Let y be the Laplace transform of y L[y] = y

Taking Laplace on both sides

Lly] + Li4yl = LIf(t)]

%y +Sy(0)-y(0) + 4y =L[f(t)]
S’y +0-1+4y =L[f(1)]

S’y -1+4y =L[f(1)]

(S*+4)y =1+ LI[f(1)]

(S*+4)y =1+L[H(t2)]

_ 1 N e
Y2 g4 " s(S4)

S B L e
y S%+4  |s S*+4| 4

Taking inverse on both sides




y= L'1(sz1+4) FL ejs(g)]'“ 4(522:4)
y= 02 4 TH(2)- Joos2(t-2)H(t-2)
Q4] a) Find Z{f(K)xa(K)} if (K) = (%)k : g(K) = cosrk ©)
Solution:-
"
z{ ! xcosnk}
Z{ 2 } - Np? - T
z{%k} . ;7+ﬁ+(%ﬁ+
o)) -

Z{cosnk} = Y cosmkxZ*

_ Z(Z-cosm) _  Z(Z-(-1)) _ z(z+1) _ Z
ot} = ol Z0Z()+T  Zozel 7+
Z
Z{costk} ==-—"

Z+1

By convolution Theorem;  Z{f(k)xg(k)} = (%)(%)

Q4] b) Find the Sperman’s Rank Correlation Coefficient b/w X and Y (6)

X 60 30 37 30 42 37 55 45

Y 50 25 33 27 40 33 50 42




Solution:-

X R, Y R, R,-R D
(RR,)’
60 8 50 7.5 -0.5 0.25
30 1.5 25 1 0.5 0.25
37 3.5 33 3.5 0 0
30 1.5 27 2 -0.5 0.25
42 5 40 5 0 0
37 3.5 33 3.5 0 0
55 7 50 7.5 -0.5 0.25
45 6 42 6 0 0
> =1
For repeated ranks;
zD2+—(m -m )+l(m -m, )+ - l(m3-m )
R=1- 12 12V 7474
8°-8
6{1+-1 (8-2)+ - (8-2)+— (8-2)+-(8-2)
12 12 12 12
R=1- 8>-8

= 0.9643

Q4] c) Find inverse Laplace transform of

3S+1 e*®
D s+ 2) ey

Solution:-

(8)




By first shifting theorem of replace inverse;

-1 1 aty -1 1
"Gy “ler
A[3S+1 |y a[8(sH1] | 4y 4[3s2]_ 4 a[3s 2 ]
o (3 I (TS0 U I [ (7 ()"
L 3S+1 3_t _2_t
(s+1)* ]~
4] 35+ 3_t _2_t
(s+1)*
e4—3s
2) -
(s+4)2
e4'e—3s a4 e-3S
COE
1
Here @(s) = (+4)5,2 and a=3
1 ] 1 t3/2 e-4t. t3/2
L U | = ™ e -
le(s)] (s+4)5’2] © ’(3)5/2] © B2 T 32x1/2x 172
-4t 43/2
A _en.t’4
) e—as
L™ W = f(t-a)H(t-a) = W_xe t3(t 3)2H(t 3)

4 _-3s
e .e 3
e R S

BN




Q5] a) Find inverse Laplace Transform using convolution theorem;  (6)

1
(s-4)?(s+3)

Solution:-

1 1
Let . (s) = i3 and  @,(s) = (s-4)?

L'[p,(s)] = € and L7[g,(s)] =e"L"

1 at
S| = et
32]

L'[e,(8)] = [ie*.e*(t-u)du = fie“”(t-u)du

7u -7ult
Lo, = e (tu)du = e*fwS-Che-
et 1 at e’
Ule,s)] = e 49+7+49 7729
i1y e’
L[9.(9)] = |3+

Q5] b) Show that the functions f (x) = 1; f (x) = x are orthogonal on (-

1,1); determine the constant a,b such that the function
f(x) =-1 + ax + bx” is orthogonal to both f (x),f,(x) on the (-1,1). (6)

Solution:-
f.(x)=1f(x) =% f,()=1+ax+bx’

Case1-m #n

LIf,e0fPdx = [11dx = [x]} = 1-(-1)=2 #0
1 s aea oo 1 (1) 2
[L[f,60Pdx = [x%dx = [51_1 = 5—(5)-5 20

f (x) & (x) are orthogonal in [-1,1]

f,(x) is orthogonal with f (x)




[1[f,(0)xf (x)]dx=0
[ [-1+ax+bx’|dx=0

[ [1]dx+" [ax]dx+" [bx?]dx=0

211 1

X 3

X

-(1-(-1))+a5_1+b§_1=0
1 1
2+0+b33 =0
2b
-2+?—0
b=3

Also f (x) is orthogonal with f (x)

1 [f,()%f(x)]dx=0
2 x[-1+ax+bx?dx=0

[ [-x+ax’+bx*]dx=0

X~ ax’ bx'[" _
2t 3t 70
-1,a,b) (1.a,b)_
234 234
2a _
3—0
a=0

Ans- a=0 and b=3

Q5] ¢) Find the Laplace transform of:-

1) e’ tsin4tdt

Solution:-

2) 3

ooee

(8)




1) e'3‘[gtsin4tdt

L[sin4t] = = ¢(s)

_4
s’+16
ds

.

(-1)d

Lsinat] = 1 )dcgsq)(s)]

L4 1 ) ,[(8%16)0-1(2s)
ds[s’+16 (s%+16)’
-4 -2s _ 8s
(s*+16)°]  (s*+16)°
8s 8

L[[\tsin4tdt] = S ( oo e

L[e*f tsin4tdt] = [(s+3++16]2 ...(by first shifting method)
} . 8 8
L[e3tjgtsm4tdt] = [$+65+9+16]" = [s2+65+25]7
L[e® tsin4tdt] __8
0 [s*+6s+25]°
) [;e
g2 o 11
Le'e?] = st sz - *0)
2t
L[EE |- [29(s) cerreeeneennnns [diVision by ]
o 1 T
S st+1 s+2
[In(s+1)-In(s+2)]° = In(%)
In ; = |In(0)- In(s+1) = -In st In(s+2)l°°eStxe-t_e-2tdt =1In s+2
Z+1 2 S+2 S+1 t s+1

S




Puts=0

o etle?

I n dt =1In(2)

Q6] a) Fit a second degree parabola to the given data (6)
X 1 1.5 2 2.5 3 3.5 4
Y 1.1 1.3 1.6 2 2.7 3.4 4.1
Solution:-
Sr X y X’ x° x* Xy Xy
1 1 1.1 1 1 1 1.1 1.1
2 1.5 1.3 2.25 3.375 |5.0625 |1.95 2.925
3 2 1.6 4 8 16 3.2 6.4
4 2.5 2 6.25 15.625 [39.062 |5 12.5
5 3 2.7 9 27 81 8.1 24.3
6 3.5 3.4 1225 |42.875 [150.06 |11.9 41.65
7 4 4.1 16 64 256 16.4 65.6
5 17.5 16.2 50.75 | 161.875 |548.1845 | 47.65 | 154.475

The normal equation are:

Sy = Na + bSx + c3x*

Sxy = a¥x + byx* + cIx°
$x%y = a¥x” + byx® + cSx*

16.2 =7a+ b(17.5) + ¢(50.75)




47.65 =17.5a + b(50.75) + c(161.875)
154.475 = 50.75a + b(161.875) + c(548.1845)
Solving simultaneously;

a=0.8329 b=24091x10" c¢=0.2042

y = 0.8329 + 2.4091 x10™x + 0.2042x*

= 1 under the transformation w = 32 (6)

Q6] b) Find the image of 2 72

Z'§
2

Solution:-

w
N

w:

N

N

w(z-2) = (3-2)
wz-2w =3-z
wz+z=3+2w
z(1+w) =3 + 2w

. 3+2w
(1+w)

)

(1+w) 2 )

3+2w 5| _ 1 1
2(1+w)

6+4w—5—5w‘ 1

1-(u-iv)
2+2(u+iv)

_1

2

w1 e
2+2W i

2
(1-u)-iv)
(2+2u)+2iv

_1

2

(1-u)*+v? 1

+2u)+4° 4
4[(1-u)’+v?] = (2+2u)? + 4v*
u=0

Imaginary axis




Q6] c) Find half range cosine series for f(x) = xsinx and hence find

ooooooooo

Solution:-

F(x) = xsinx

a, = %];f(x)dx = %];xsinxdx

a, = %[x(-cosx)-(-sinx)]g

a, - %[n(-(-1))] 1 (1)

a = %gf(x)cosnxdx = %]‘gxsinxcosnxdx
a = Z["x l[sin(n+1)x+sin(n-1)x] dx
o (2

a = %[gx{sin(nﬂ)x+sin(n-1)x}dx

I X{-cos(n+1)x cos(n-1)x}_{-sin(n+1)x sin(n-1)]]

"M n+1 n-1 (n+1)>  (n-1)?
_ 1[_[cosnm cosnm 1 [1" 17
a = — = —ITT -
nom n+1 n-1 | (n+1 n-1
21" _ 2™
= = Zz
a pox 7 fornz1

For n=1 put n=1 in equation (1)

2 .
=["xsinxcosnxdx
T 0

1 .
EjEszmxcosnxdx

T

0

8




T .
a = Ejoxsm2xdx

g = 1|, [cos2x) (-sin2x " oMol = 2
Toomn 2 4 ], m \2 2
xsinx=a +3Y" acosnx = 1+acosx+Y " acosnx
n+1
xsinx =1 —%cosx + 22 ¢ 1)1 cosnx
Putx = /2
L (N LD 3
5= 1-0+ 23 cosz(z) s 2
o1 l 1
2377535

w2 _(11.1
4 3




