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                                                       Total Marks: 75     Time: 2.5 Hours 

N. B. 1) All questions are compulsory. 

 2) Use of a simple calculator is allowed. 

 3) Figures to the right indicate marks. 

Q. 1 A) Attempt any one from the following. (8) 

 i) Let Ω ⊂ ℂ is a domain in ℂ . If 𝑢, 𝑣 ∶  Ω → ℝ are such that   

i) 𝑢𝑥, 𝑢𝑦 , 𝑣𝑥, 𝑣𝑦  exist and satisfy Cauchy Riemann equations  

ii) 𝑢𝑥, 𝑢𝑦 , 𝑣𝑥, 𝑣𝑦  are continuous on Ω, 

then prove that 𝑓(𝑧) = 𝑢(𝑥, 𝑦) +  𝑖𝑣 (𝑥, 𝑦) is analytic in Ω. 

 

 ii) If 𝑧0 and 𝑤0 are points in 𝑧 and 𝑤 plans respectively then show that  

(a) lim
𝑧→𝑧0

𝑓(𝑧) = ∞ if and only if lim
𝑧→𝑧0

1

𝑓(𝑧)
= 0. 

(b) lim
𝑧→∞

𝑓(𝑧) = 𝜔0 if and only if lim
𝑧→0

𝑓 (
1

𝑧
) = 𝜔0. 

(c) lim
𝑧→∞

𝑓(𝑧) = ∞ if and only if lim
𝑧→0

1

𝑓(
1

𝑧
)

= 0. 

 

 B Attempt any two from the following. (12) 

 i) If a function 𝑓(𝑧) = 𝑢(𝑥, 𝑦) +  𝑖𝑣(𝑥, 𝑦) is analytic in a domain 𝐷, then 

show that its component functions 𝑢 and 𝑣 are harmonic in 𝐷. 
 

 ii) Use 𝜖 − 𝛿 definition of limit to show that  

lim
𝑧→1−𝑖

[𝑥 + 𝑖(2𝑥 + 𝑦)] = 1 + 𝑖. 
 

 iii) Let 𝑓 be a analytic function throughout on a given domain 𝐷. If |𝑓(𝑧)| 
is constant on 𝐷, show that 𝑓(𝑧) must be constant on 𝐷. 

 

Q.2 A) Attempt any one from the following. (8) 

 i) State and prove extension of Cauchy’s Integral formula.  

 ii) Suppose that a function 𝑓 is analytic throughout a disk |𝑧 − 𝑧0| < 𝑅0, 
centered at 𝑧0 and with radius 𝑅0. Then prove that 𝑓(𝑧) has the power 

series representation 𝑓(𝑧) = ∑ 𝑎𝑛(𝑧 − 𝑧0)𝑛 ,∞
𝑛=0 |𝑧 − 𝑧0| < 𝑅0 where 

𝑎𝑛 =
𝑓𝑛(𝑧0)

𝑛!
 i.e. the series converges to 𝑓(𝑧) when 𝑧 lies in the stated 

open disk. 

 

 B Attempt any two from the following. (12) 

 i) Let 𝐶 denote a contour of length 𝐿 and suppose that a function 𝑓(𝑧) is 

piecewise continuous on 𝐶. If 𝑀 is a non negative constant such that 
|𝑓(𝑧)| ≤ 𝑀 ∀𝑧 ∈ 𝐶 at which 𝑓(𝑧) is defined then prove that  

|∫ 𝑓(𝑧)𝑑𝑧
𝐶

| ≤ 𝑀𝐿. 

 

 ii) Evaluate ∫
𝑠𝑖𝑛6𝑧

(𝑧−
𝜋

2
)

3𝐶
𝑑𝑧,  where 𝐶 ∶  |𝑧| = 2.  

 iii) Find a linear fractional transformation that maps the points 1, 𝑖, −1 onto 

the points −1,0,1 on the real axis. 

 

Q.3 A) Attempt any one from the following. (8) 

 i) If a series ∑ 𝑎𝑛 (𝑧 − 𝑧0)𝑛 converges to 𝑓(𝑧) at all points within the disc 

of convergence |𝑧 − 𝑧0| < 𝑅 then prove that it is the Taylor series 

expansion for 𝑓 centered at 𝑧0. 
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 ii) Let 𝐶 be a simple closed curve in the interior of the disc of convergence 

of the power series 𝑆(𝑧) = ∑ 𝑎𝑛
∞
𝑛=0 (𝑧 − 𝑧0)𝑛 and let 𝑔(𝑧) be any 

function which is continuous on 𝐶. Then prove that the series 
∑ 𝑔(𝑧)𝑎𝑛(𝑧 − 𝑧0)𝑛∞

𝑛=0  can be integrated term by term over 𝐶 and  

∫𝑔(𝑧)𝑆(𝑧)𝑑𝑧
𝐶

= ∑ ∫𝑔(𝑧)𝑎𝑛(𝑧 − 𝑧0)𝑛𝑑𝑧.
𝐶

∞

𝑛=0

 

 

 B Attempt any two from the following. (12) 

 i) If the power series ∑ 𝑎𝑛(𝑧 − 𝑧0)𝑛∞
𝑛=0  converges for 𝑧 = 𝑧1(≠ 𝑧0), then 

prove that it is absolutely convergent for each 𝑧 ∈ 𝐵(𝑧0, 𝑅1) where 𝑅1 =
|𝑧1 − 𝑧0|. 

 

 ii) If ∑ 𝑎𝑛𝑧𝑛∞
𝑛=0 has radius of convergence 𝑅 then find the radius of 

convergence of  

(𝑎) ∑ 𝑛3𝑎𝑛𝑧𝑛∞
𝑛=0           (b) ∑ 𝑎𝑛𝑧3𝑛∞

𝑛=0    (c) ∑ 𝑎𝑛
3𝑧𝑛∞

𝑛=0 . 

 

 iii) Find Laurent series expansions in the domains:   |𝑧| < 1,      1 < |𝑧| <

2,     2 < |𝑧| <  ∞ for   𝑓(𝑧) =
−1

(𝑧−1)(𝑧−2)
. 

 

Q. 4 A Attempt any three questions from the following. (15) 

 i) Represent  |𝑧 − 𝑧0| = |𝑧 − 𝑧0̅| as  subsets of ℂ in the plane where 

𝐼𝑚 𝑧0 ≠ 0. 

 

 ii) Show that 𝑧(𝑡) = 𝑧0 + 𝑡𝑣 and 𝑅𝑒((𝑧 − 𝑧0)𝑖 �̅�) = 0 represents the 

same line in ℂ 

 

 iii) Find all roots of the equation cos 𝑧 = 2.  

 iv) Determine whether the set of points 0, −4, −2𝑖, −1 − 3𝑖 lies on a 

circle.  

 

 v) Find residue of  𝑓(𝑧) at 𝑧 = 0 where 𝑓(𝑧) =
cot 𝑧

𝑧4 (using the idea of 

power series division). 

 

 vi) 
Using Cauchy Residue theorem, evaluate ∫ 𝑓(𝑧)𝑑𝑧

𝐶
 where 𝑓(𝑧) =

1

(𝑧−1)2(𝑍−3)
 and C is bounded by 𝑥 = 0, 𝑥 = 4, 𝑦 = −1, 𝑦 = 1. 

 

  --------------------------------------------------------------------------------------  
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